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Abstract: We consider a class of non-equilibrium pure states, which are generally present in
an isolated quantum statistical system. These are states of the form |Ψ〉 = e−βH2 U(O)eβH2 |Ψ0〉,
where U is a unitary made out of simple operators and |Ψ0〉 is a typical equilibrium pure state
with sharply peaked energy. We argue that in a system with a holographic dual these states
have a natural interpretation as an AdS black hole with transient excitations behind the
horizon. We explore the interpretation of these states as pure states undergoing a time-
dependent spontaneous fluctuation out of equilibrium. While these states are atypical and
the microscopic phases of the wavefunction are correlated with the matrix elements of simple
operators, the states are partly disguised as equilibrium states due to cancellations between
contributions from different coarse-grained energy bins. These cancellations are guaranteed
by the KMS condition of the underlying equilibrium state |Ψ0〉. However, in correlators which
include the Hamiltonian H these cancellations are spoiled and the non-equilibrium nature of
the state |Ψ〉 can be detected. We discuss connections with the proposal that local observ-
ables behind the horizon are realized as state-dependent operators. The states studied in this
paper may be useful for implementing an analogue of the “traversable wormhole” protocol for
a 1-sided black hole, which could potentially allow us to extract the excitation from behind
the horizon. We include some pedagogical background material.
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1 Introduction
In this paper we investigate a class of non-equilibrium states in quantum statistical mechanics
and their gravitational interpretation via AdS/CFT [1] as states with excitations localized
behind the black hole horizon. These are states of the form
|Ψ〉 = e−βH2 U(O)eβH2 |Ψ0〉 (1.1)
where |Ψ0〉 is a typical pure state of energy E0, β is the inverse temperature corresponding
to this energy and U is a unitary operator constructed out of “simple operators” O centered
around some time t0. The states (1.1) have the property that they seem to be in equilibrium
when probed by a class of other simple operators, up to 1/S corrections where S is the
entropy of the system. Nevertheless they are genuinely time-dependent, non-equilibrium,
atypical states.
These states are interesting for two reasons. First, they represent a mathematically
natural class of non-equilibrium states in general thermal systems, which have not been
discussed extensively in the literature. Second, if we accept that big black holes in AdS have
a smooth interior, then we argue that states of the form (1.1) correspond to black holes with
excitations localized entirely behind the horizon. Investigating the properties of these states
may provide insights about the nature of space-time behind the black hole horizon.
The recent reformulation of the black hole information paradox in terms of the entangle-
ment of quantum fields near the horizon has led to proposals [2] that the black hole interior
may be different than what is predicted by general relativity. In particular, it has been argued
[3, 4] that big black holes in AdS may not have a smooth interior1, or that even if they do,
the boundary CFT cannot describe it. In a series of works [5, 6, 7, 8, 9] a construction of the
black hole interior within AdS/CFT was proposed. A novel feature of this proposal is that,
depending on the black hole microstate, local observables behind the horizon are represented
by different linear operators acting on certain subspaces of the Hilbert space. This property,
termed state-dependence, has also manifested itself in somewhat different form in [10] and
in the ER/EPR correspondence [11]. See [3, 4, 12, 13, 14, 15, 16, 17, 18, 19] for further
discussions.
In this paper we do not focus on the operators but rather on states in which the black
hole interior is excited. Some of these states can be represented as (1.1), where we see that
they can be constructed in the CFT without the need for state-dependent operators. The
existence of the states (1.1) in the standard framework of quantum mechanics is obvious. We
mention that constructing the states does not supersede the need to define operators, since in
order to describe a quantum measurement for the infalling observer we also need the operators
and not just the states. More precisely, if we want to know that we have the correct bulk
physical interpretation of the states (1.1), we need to know how bulk observables probe the
state. Nevertheless, the fact that there exists a mathematically canonical class of states (1.1)
1Strictly speaking the arguments of these papers apply to typical microstates.
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in the CFT which, as we will argue, can be naturally interpreted as states with excitations
behind the horizon can be taken as additional evidence that the black hole interior can be
described in the CFT.
An equilibrium state in a strongly coupled large N CFT is holographically dual to a
static2 black hole in AdS. This implies that there should be a correspondence between small
perturbations of the state on the two sides of the duality: the set of non-equilibrium states,
which are small perturbations of the original equilibrium state, should be related to the
possible excitations of the solution in the bulk, which depend on the form of the underly-
ing geometry. Hence, classifying the possible non-equilibrium states3 in the CFT contains
information about the geometry in the bulk. We do not attempt a full classification, but
we concentrate on a particular family of non-equilibrium states (1.1) which correspond to
excitations localized entirely behind the black hole horizon.
In general, we can think of an equilibrium pure state |Ψ0〉 as a typical state, i.e. a state
selected with the unitary Haar measure from the states of given energy. One way to consider
non-equilibrium states is to start with an equilibrium state |Ψ0〉 and excite it by acting with
a unitary operator U(O(t0)), which is expressed in terms of some “simple” operators O. In
a large N CFT these could be smeared single-trace operators of low conformal dimension.
This gives the state U(O(t0))|Ψ0〉, which is out of equilibrium around the time t0, and which
settles back to equilibrium for t  t0. One way to interpret this state is as the result of
a quench of the system, where we add to the Hamiltonian a source constructed out of O
around t ≈ t0. Alternatively we can think of the state U(O(t0))|Ψ0〉 as an “autonomous
state”, where the system evolves with the standard CFT Hamiltonian for all times, with no
external perturbation. From this second point of view this is a state which is in equilibrium
for t  t0, undergoes a spontaneous fluctuation out of equilibrium around the time t = t0
and then settles back to equilibrium for t t0.
Similarly, the non-equilibrium states of the form e−
βH
2 U(O(t0))e
βH
2 |Ψ0〉 can be thought
of as autonomous states which are in equilibrium for t  t0 and t  t0, but which undergo
a spontaneous fluctuation out of equilibrium at t = t0. The difference with states of the
form U(O(t0))|Ψ0〉 is that now the excitation at t = t0 is not directly detectable by the
appropriately defined algebra of simple operators. We emphasize that, for reasons that will
become clear later, the Hamiltonian H is not included in this algebra.
If we are dealing with a statistical system with a gravitational dual, for example a strongly
coupled large N CFT, then the proposed bulk interpretation of the various states mentioned
above is shown in figure 1. Typical equilibrium states |Ψ0〉 correspond to a static black hole
geometry. The usual non-equilibrium states U(O)|Ψ0〉, seen as autonomous states, correspond
to spontaneous fluctuations emitted from the past horizon and falling into the future horizon.
Assuming that the horizons are smooth, these excitations seem to appear from the past
singularity and fall back into the future singularity. Finally the states (1.1) correspond to
2We only consider equilibrium states with vanishing angular momentum and other conserved global charges.
3In this paper we consider near-equilibrium states where the perturbation changes the energy of the state
by an amount of order N0, so the backreaction to the classical bulk metric is negligible.
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Figure 1. a) Typical equilibrium state |Ψ0〉 b) Non-equilibrium state of the form U(O)|Ψ0〉 with an
excitation in free-fall c) Non-equilibrium state of the form e−
βH
2 U(O)e βH2 |Ψ0〉 with a similar excitation.
Notice that in these figures we show the conjectured Penrose diagram for a one-sided black hole and
the dual CFT corresponds to the right asymptotic region. There is no dual CFT on the left side of
the diagram and it is not clear until what distance the diagram can be continued into the left region.
similar excitations emitted from the past singularity, but which are now ejected towards the
left region of the diagram and eventually fall back into the future singularity. The part of the
spacetime to the right of the past and future horizons can be reconstructed by considering
correlators of standard CFT operators. Using the state-dependent operator construction of
[7] on the states (1.1) we do indeed get the proposed bulk interpretation in figure 1.
Typical states |Ψ0〉 look like equilibrium states because when they are expanded in a
basis of energy eigenstates the coefficients of the superposition have uncorrelated phases with
the matrix elements of simple observables. This can also be understood from the Eigen-
state Thermalization Hypothesis (ETH) [20, 21]. Usual non-equilibrium states of the form
U(O)|Ψ0〉 have the property that these phases become correlated with matrix elements of
certain simple observables, which can be used to detect the excitation away from equilib-
rium. In states of the form e−
βH
2 U(O)eβH2 |Ψ0〉 the phases are as correlated as in the states
U(O)|Ψ0〉, however it is difficult to detect the non-equilibrium nature of the state because
there are cancellations between “energy bins” of higher and lower energies. Conjugating the
perturbation U(O) with the factors e±βH2 has the effect of enhancing the lower energy bins
and suppressing the higher energy bins, which in combination with the KMS condition of
the underlying equilibrium state |Ψ0〉 leads to the aforementioned cancellations. This means
that, even though both typical states |Ψ0〉 and states of the form e−
βH
2 U(O)eβH2 |Ψ0〉 give
time-independent correlators for simple operators (excluding the Hamiltonian H), the reason
for the time-independence is qualitatively different. In the first case time-independence is
the result of randomized phases, while in the second case the phases are not random, but
nevertheless the cancellations happen because of special properties of the magnitudes of the
coefficients.
Inserting the Hamiltonian H inside the correlator can have the effect of spoiling these
cancellations, leading to time-dependent correlators for the states e−
βH
2 U(O)eβH2 |Ψ0〉. This
– 4 –
True equilibrium state Standard non-eq. state “Interior” non-eq. state
|Ψ0〉 U(O)|Ψ0〉 e−βH2 U(O)eβH2 |Ψ0〉
d
dt〈A(t)〉 0 6= 0 0
d
dt〈A(t)H〉 0 6= 0 6= 0
Table 1. We summarize properties of the various states discussed in this paper. We define the “small
algebra” A of simple operators, in which we do not include the Hamiltonian H. Here U(O) is a simple
unitary constructed out of operators O in A. By A(t) we denote a general operator in A. The notation
〈...〉 means expectation value in the corresponding state. The statements about the time-dependence
refer to the result at order S0. When we say that the time-derivative is 6= 0 we mean that A(t) may
be selected so that the correlator is time-dependent. The state |Ψ0〉 denotes a typical pure state with
small spread in energy.
allows us to distinguish these states from “true equilibrium states” in which all correlators of
simple operators, now including H, are time-independent. We summarize the properties of
the states discussed so far in table 1.
The existence and certain properties of the states (1.1) are logically independent from
the state-dependent proposal [7] and most of the paper can be read independently. The
fact that we do not need state-dependence for the construction of the states, as opposed
to the operators, should not be surprising. For example, even in non-gravitational QFT in
Minkowski space, the Reeh-Schlieder theorem [22] implies that we can effectively construct
the full Hilbert space of states by acting with operators in the right Rindler wedge. However,
it is not possible to express the operators of the left wedge in terms of operators on the right
wedge. Notice that the same distinction between creating states as opposed to operators also
applies to the recent work [23].
The black holes that we consider are small perturbations of typical states and in that
sense we are very far from the regime relevant for a black hole formed by gravitational collapse,
which corresponds to special, atypical states. In a collapsing black hole states with excitations
behind the horizon with some similarities to (1.1) can be created by sending particles from
the exterior, before the collapse. This is discussed in more detail in subsection 5.5. It would
be interesting to understand better how to interpolate between the two regimes of typical vs
collapsing black holes.
Some aspects of states of the form (1.1) have been considered previously in [7, 13] in
connection to the firewall paradox and proposals for its resolution. In this paper we want to
investigate certain properties of these states from the point of view of statistical mechanics.
It would be interesting to find additional support for the bulk interpretation of the states
e−
βH
2 U(O)eβH2 |Ψ0〉 proposed in this paper. In recent work [24] it was shown that there are
double-trace perturbations of the TFD state of two entangled CFTs, which allow excitations
in the bulk to cross the wormhole of the eternal AdS black hole. This happens by creating a
negative energy shockwave which gives the probe a time-advance necessary to escape from the
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Figure 2. Left: a state of the form e−
βH
2 U(O)e βH2 |Ψ0〉. Right: the same state seen at an earlier time.
horizon. In the 2-sided case the double-trace perturbation can also be related to a quantum
teleportation protocol between the two CFTs. These works have provided evidence for the
smoothness of the horizon of the eternal black hole.
A natural question is whether a similar experiment can be designed for the 1-sided black
hole. One difficulty is preparing the probe that is supposed to be extracted via the negative
energy shockwave. The states of the form |Ψ〉 = e−βH2 U(O)eβH2 |Ψ0〉 provide a natural starting
point since they already contain a particle behind the horizon. In figure 2 we see the state
|Ψ〉 and how it looks after a time translation. We notice the right-moving particle traveling
close to the future horizon. A negative energy shockwave emitted from the boundary CFT
living on the right might be able to displace the particle and allow it to escape the black hole,
thus allowing it to be directly detected in the CFT by usual single trace operators O. See [25]
for related discussions in the context of the SYK model. If such a calculation was possible, it
would provide additional support for the proposed interpretation of the states (1.1) discussed
in this paper, as well as for the proposal of [5, 6, 7, 8, 9] for operators which can directly
detect the excitation behind the horizon. We leave this for future work.
A question that we do not address in this paper is to identify the precise bulk interpreta-
tion of states related to unitaries U(O) which approximately commute with the Hamiltonian
H. These were discussed in [3, 13, 9, 14, 16, 18]. Clarifying the role of these perturbations is
necessary for a full mapping between all possible non-equilibrium states and excitations of the
black hole geometry. It would also be necessary to understand the full class of perturbations
including unitaries on both sides of the horizon of a 1-sided black hole.
The plan of the paper is as follows: in section 2 we discuss aspects of thermalization in
isolated quantum systems and how a second copy of the operator algebra can be defined in a
canonical way. In section 3 we present some properties of localized states in flat space QFT in
Rindler coordinates and we notice some similarities when we move an excitation to the other
side of a Rindler horizon using a complexified Lorentz boost. In section 4 we briefly review
results from quantum statistical mechanics. A more extended discussion of this material is
presented in appendix A. In section 5 we analyze equilibrium and a class of non-equilibrium
states and discuss their bulk interpretation. In section 6 we discuss some additional statistical-
mechanics aspects of the states and in section 7 we end with some discussions.
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2 Thermalization, small algebras and doubling
We expect that an isolated quantum system with many degrees of freedom and strong in-
teractions will generally approach thermal equilibrium under time evolution, even if it is not
coupled to an external heat bath. This means that if we take the system in some initial pure
state |Ψ0〉 whose average energy is E0 and wait until the system equilibrates, then for a class
of observables O we will have
〈Ψ0|O(t)|Ψ0〉〉 = Z−1Tr[e−βHO(t)] +O(S−1) (2.1)
Here S is the entropy, β is the inverse temperature associated to the energy E0 of the state
|Ψ0〉 via β = ∂S∂E and Z ≡ Tr[e−βH ]. When estimating the error term4 we assumed that the
operator O has been scaled so that its norm scales with entropy like S0.
We expect equation (2.1) to hold for certain observables O, that we will call the “small
algebra A”. The restriction to a small algebra is natural in the study of thermalization, since
in order to talk about thermalization of an isolated system in a pure state, we must assume
that we are not able to measure everything — otherwise we would be able to measure very
complicated operators which do not obey (2.1) and which allow us to identify the exact pure
state. This requires that there must be a hierarchy between the total entropy of the system S
and the size of the small algebra A, which we define by starting with some “simple” operators
and considering their products, imposing the condition that the number of factors n in the
product should obey n S. Because of this cutoff the set A is not really an algebra. However
in the large S limit this cutoff is not important for many purposes and we will usually refer to
the set A as an algebra. In a large N gauge theory the small algebra is generated by “simple”
SU(N) single trace operators.
The restriction to a small algebra allows us to effectively consider the isolated system
as being made out of a subsystem, corresponding to A, and an environment. In this sense,
part of the isolated system plays the role of the heat bath for the small algebra A. In the
systems that we are interested in the small algebra does not correspond to a subregion in
space, but rather to a set of “simple operators” which can be placed anywhere in space5. So
the decomposition in terms of subsystem and effective environment is not spatial, but rather
characterized by the complexity of the observables.
Equation (2.1) implies that a system in a pure state |Ψ0〉 can be approximated by the
thermal density matrix ρβ = Z
−1e−βH . A system in a thermal density matrix can also be
described by a pure state in a doubled Hilbert space in the “thermofield-doubling” framework
|Ψtfd〉 =
∑
E
e−βE/2√
Z
|E〉 ⊗ |E〉 (2.2)
4The error term is of order 1/S and not of order e−S/2 because we are comparing a pure state with sharply
peaked energy to the canonical (instead of the microcanonical) ensemble. More about it in section 4.
5We are considering systems defined in finite spatial volume.
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Computing the reduced density matrix of the original system on this entangled state, we get
the thermal density matrix. In this framework, where we consider the purification of the
thermal density matrix by an auxiliary second copy of the system, we notice that the algebra
of observables is doubled. However, the physical meaning of the doubling of the algebra is not
obvious. In addition, equation (2.1) suggests that a similar construction should be possible,
at least in an approximate sense, in the case where the original system is in a pure state |Ψ0〉,
and not in a thermal density matrix. But then, if the isolated system is already in a pure
state to begin with, it seems like it would not make sense to purify it using a second copy.
In [5, 6, 7] a proposal was made which addresses these points. The original motivation
was to understand how to describe the black hole interior in the framework of AdS/CFT,
but the interpretation of the thermofield-double formalism proposed in those papers could
apply to more general quantum statistical systems. An intuitive motivation of the proposal
of [5, 6, 7] is that the small subsystem is ”mirrored” in the effective heat bath (which is also
part of the original system). This means that there is certain class of excitations of the heat
bath which mirror the dynamics of the small subsystem. These excitations are selected by
their entanglement with the small subsystem. In the case of a single-sided black hole in AdS,
the small subsystem is the exterior of the horizon, as described in effective field theory, which
is mirrored in the region behind the horizon.
The starting point is to consider the algebraic properties of the representation of the
algebra A associated to the state |Ψ0〉. If the state |Ψ0〉 is a highly excited pure state,
for which we can use the approximation (2.1), then the small algebra A contains no (non-
vanishing) annihilation operators for the state |Ψ0〉. For example, the norm-square of the
state A|Ψ0〉 can be written as 〈Ψ0|A†A|Ψ0〉 = Z−1Tr[e−βHA†A] +O(1/S). If the operator A
is not identically zero, then to leading order in S we have Tr[e−βHA†A] > 0, since e−βH is
positive definite. As we will see below, the absence of annihilation operators in the algebra
A for the state |Ψ0〉 means that A probes the state |Ψ0〉 as if it were an entangled state. The
auxiliary second copy in the thermofield formalism (2.2) is interpreted as a way to represent
this effective entanglement of the state |Ψ0〉 with respect to the algebra A.
A technical point is that when we define the algebra A, we do not include in it the
Hamiltonian H. The reason is that we are working with states |Ψ0〉 with average energy E0
and small uncertainty in energy. Hence these states obey (H−E0)|Ψ0〉 ≈ 0. This would allow
us to find an approximate annihilation operator in the algebra A, which would complicate
the following algebraic construction. For this reason we exclude H from the small algebra A.
However, if A ∈ A then the operator [H,A] is contained in A. Hence, A is closed under time
evolution, at least for small time intervals. While [H,A] is in the algebra, operators like AH
or {H,A} are not included. Similar statements hold for other conserved charges, see [7] for
more details.
We continue by reviewing the construction of [5, 6, 7]. We introduce a subspace of the
full Hilbert space
HΨ0 = span {A|Ψ0〉 } (2.3)
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This is similar to what was called the “code-subspace” in later work [26].
We now concentrate on the representation of the algebra A on the space HΨ0 . This
representation satisfies two properties. First, by definition the space HΨ0 can be generated
by acting with elements of the algebra A on the vector |Ψ0〉. Second, there are no operators
in the algebra A which can annihilate the state |Ψ0〉. These two conditions are sometimes
called respectively, cyclic and separating properties.
These conditions are similar to the assumptions of the Tomita-Takesaki theorem in the
study of operator algebras, see for example [27, 28]. This theorem starts with the assumption
that a von Neumann algebra A acts on a Hilbert space with a cyclic and separating vector
|Ψ0〉. The theorem shows that the representation of the algebra A on the Hilbert space is
reducible and the algebra has a non-trivial commutant A′, which is isomorphic to the original
algebra and which acts on the same space6. Moreover it shows that there is a canonical
1-parameter automorphism of the algebra generated by a distinguished Hermitian operator
called the modular Hamiltonian. The commutant A′ plays a similar role as the algebra of
operators acting on the second auxiliary copy of the thermofield construction (2.2). We
emphasize that in the Tomita-Takesaki framework the Hilbert space is not doubled: the
commutant of the algebra is acting on the original Hilbert space.
The Tomita-Takesaki theorem deals with von Neumann algebras. In the situation of an
isolated bounded quantum system we introduced the “small algebra” A where we did not
allow the multiplication of arbitrary number of operators. Hence A is not really a proper
algebra, but rather a “truncated algebra” defined by some generators which can be multiplied
up to an upper bound on the number of factors. In a large N gauge theory the generators
can be taken to be the single trace operators7, and the bound is that when multiplying them
together we do not allow the number of factors to scale like N . The fact that we impose this
upper cutoff by truncating the algebra A means that the Tomita-Takesaki theorem cannot
by applied in an exact sense for the bounded quantum system in a pure state. Relatedly, if
we enlarge the small algebra A to include arbitrary products, thus promoting it into a proper
algebra, then we can find annihilation operators for the state |Ψ0〉 hence the separating
property breaks down and then there is no non-trivial exact commutant8. In applications to
black hole physics, this fact is important as it leads to a realization of the idea of black hole
complementarity [29] as explained in [5, 6, 7]. This will not play a role in the rest of this
paper.
Despite the fact that it is subtle to apply the theorem in an exact mathematical sense, we
expect that in the large N limit the intuition behind the Tomita-Takesaki construction should
become relevant for the states within HΨ0 . Thus we are going to follow the Tomita-Takesaki
construction from a heuristic point of view. Our eventual goal is to motivate equations (2.10),
which can in any case be taken as the definition of the second copy of the algebra.
6More precisely, in general the algebras A and A′ have domains D,D′ which are dense in the Hilbert space.
7Another complication is that the Tomita-Takesaki theorem applies to algebras of bounded operators. It
is generally non-trivial to define bounded operators in QFT which are localized in finite regions of spacetime.
8This is consistent with the time-slice axiom in QFT.
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We proceed describing the steps, as if the algebra A were a von Neumann algebra. The
Tomita-Takesaki theorem gives a canonical construction of the commutant A′ of the algebra
A. We start by introducing the antilinear map S : HΨ0 → HΨ0 defined by9
SO|Ψ0〉 ≡ O†|Ψ0〉 O ∈ A (2.4)
That this mapping can be consistently defined, relies on the fact that the algebra A has
no annihilation operators for the state |Ψ0〉. Otherwise we may be able to find an operator
with the property O|Ψ0〉 = 0, while O†|Ψ0〉 6= 0, which would make inconsistent the defining
equation (2.4) for the anti-linear operator S. This is precisely the reason why the doubling
does not work for —say— the ground state of the system, for which many annihilation
operators can be found.
We proceed by considering the polar decomposition
S = J∆1/2 (2.5)
where J is an anti-unitary operator and
∆ ≡ S†S (2.6)
Since ∆ is a positive Hermitian operator10, we can write it as
∆ = e−K
The exponent K ≡ − log(S†S) is defined as the modular Hamiltonian for the algebra A acting
on the state |Ψ0〉.
Finally from the Tomita-Takesaki theorem it follows that for any O ∈ A the operator O˜
defined as
O˜ ≡ JOJ (2.7)
commutes with all elements A of the algebra A
[A, O˜] = 0
and we have A′ = JAJ . This means that the entire algebra A and its commutant A′ are
isomorphic via the antilinear map J . We also mention that another important part of the
theorem is that the algebra A is invariant under the modular flow
eitKAe−itK = A ∀t ∈ R
For the proof of these statements see [27].
9Generally the domain of S may be a dense subspace of the Hilbert space.
10For infinite dimensional algebras, the operator ∆ may be unbounded and we have to be careful about its
domain. For more details see [27].
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However notice that generally
[K,O] 6= 0 , [K, O˜] 6= 0. (2.8)
so the modular Hamiltonian is neither an element of the algebra A nor of the commutant
A′, but rather it has support on both. If we apply the Tomita-Takesaki construction to the
algebra of a subsystem of a bipartite system in a pure state, then the modular Hamiltonian,
as defined by (2.6), is the same as the full modular Hamiltonian defined via the logarithm of
the reduced density matrices of the subsystem and its complement, see for example [7]. In
the Rindler decomposition of the Minkowski vacuum the modular Hamiltonian (2.6) defined
for the right Rindler wedge algebra, coincides with the full Lorentz boost generator, and not
its restriction on the right wedge, as we review in the next section.
So far the discussion was general, we only used the assumption that |Ψ0〉 is a cyclic and
separating vector with respect to the algebra A. To apply these steps to a typical equilibrium
pure state |Ψ0〉 of a quantum statistical system with Hamiltonian H we need to concentrate
on the part of the space HΨ0 and the operators in the algebra A which are “far” from the
cutoff of the algebra11. Using the fact that |Ψ0〉 is an equilibrium state which obeys the KMS
condition to leading order in 1/N then we find that12
K = − log(S†S) = β(H − E0) +O(1/N) (2.9)
where E0 is the expectation value of the energy of the state |Ψ0〉. For this result it is important
that |Ψ0〉 is a state with small spread in energy.
This allows us to rewrite the O˜ operators more explicitly. For every element O of the
algebra A satisfying the rules of the large N expansion (in a large N gauge theory, for every
single trace operator), we define the Fourier modes in time Oω ≡
∫
dteiωtO(t). Then the
equations (2.4), (2.6), (2.7) above imply that to leading order in 1/N we have
O˜ωA|Ψ0〉 = Ae−
βω
2 O†ω|Ψ0〉
[H, O˜ω]A|Ψ0〉 = ωO˜ωA|Ψ0〉 (2.10)
for all elements A of the algebra A. Since any vector from the subspace (2.3) can be written
as A|Ψ0〉 for some A ∈ A, these equations fully define the tilde-operators on the subspace
(2.3). More details about this construction can be found in [7].
A point to stress is that these equations define the operators O˜ acting on the subspace
HΨ0 associated to the microstate |Ψ0〉. If we consider a different microstate |Ψ0〉′, these
equations will define a different set of linear operators acting on a different subspace HΨ′0 .
The arguments of [3, 4] imply that it is impossible to upgrade the operators O˜ to fixed linear
operators defined once and for all on the entire Hilbert space, with the property that they
11In [7] the (in)sensitivity to the cutoff was discussed, but it would be useful to consider it in more detail.
12The precise statement is that the operator β(H − E0) and K act in the same way, at large N , within the
subspace HΨ0 , see sec. 6.2 of [7] for a proof.
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satisfy the desired equations (2.10) on typical states. However for a given microstate |Ψ0〉,
and all of its small excitations in HΨ0 , we can work with the state-dependent operators O˜ as
defined on HΨ0 by the equations (2.10).
We assumed that the state |Ψ0〉 is an equilibrium state. However the subspace HΨ0 will
also contain non-equilibrium states. One class of non-equilibrium states are those of the form
U(O)|Ψ0〉, where U is a unitary made out of the elements O of the small algebra13. Another
class, which is the main emphasis of this paper, are states of the form
|Ψ〉 ≡ U(O˜)|Ψ0〉 (2.11)
where again U is a unitary constructed out of the operators O˜ defined by (2.7). Notice that
these operators are state-dependent and they are only defined within the subspace HΨ0 .
We consider the expectation value of an operator A ∈ A on such a state
〈Ψ|A|Ψ〉 = 〈Ψ0|U †(O˜)AU(O˜)|Ψ0〉 = 〈Ψ0|A|Ψ0〉 (2.12)
In the second equality we used the large N commutator [A, O˜] = 0. Hence expectation values
of elements of the small algebra A on the state U(O˜)|Ψ0〉 will be almost the same as those in
the equilibrium state |Ψ0〉 and in particular they will be time-independent. This may seem
to suggest that the state U(O˜)|Ψ0〉 is an equilibrium state. On the other hand if we insert
factors of the Hamiltonian in the correlator we find
〈Ψ|AH|Ψ〉 6= 〈Ψ0|AH|Ψ0〉 (2.13)
since H does not commute with O˜, which follows from (2.8) and (2.10). In particular, unlike
the correlator on the equilibrium state on the RHS of (2.13) which is static, the correlator
on the LHS may be time dependent indicating that the state |Ψ〉 is not typical and is not an
equilibrium state.
Now, using the definition of the operators (2.7) the state |Ψ〉 ≡ U(O˜)|Ψ0〉 can also be
written as
|Ψ〉 = e−βH2 U(O†)eβH2 |Ψ0〉 (2.14)
Since (2.11) and (2.14) are the same as states, then the relations (2.12), (2.13) continue to
hold for (2.14). The important point is that when written as (2.14) the state is created by
acting with ordinary, state-independent operators.
In the rest of the paper we will consider the states (2.14) in their own right, independent
of the fact that they were inspired by the state-dependent construction described above. The
main intuition is that while states of the form U(O)|Ψ0〉 describe black holes with excitations
in the exterior of the horizon, conjugating the unitary by the factors e±
βH
2 produces a state
where the wavepacket is localized in a complementary region, which can be naturally identified
with a region contained entirely behind the horizon. We proceed by describing a toy-model
of this phenomenon in flat space QFT without gravity.
13We assume that the expression of U in terms of O is such that if we expand U in a power series in O, the
operator U can be well approximated by low powers such that it effectively does not exceed the cutoff of the
algebra A.
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3 Warmup: states behind the horizon in Rindler space
Consider a non-gravitational relativistic 4d QFT in the Minkowski vacuum |0〉 and consider
the Rindler decomposition. The right Rindler wedge R is defined as the region x1 > 0, |x1| >
|t|, while the left wedge L is defined by x1 < 0, |x1| > |t|. We consider the algebras AR,AL
corresponding to operators localized in the two respective wedges. The two algebras commute.
We imagine an observer living in wedge R and we want to consider states with excitations
behind the Rindler horizon: by this we mean that the excitation stays and evolves entirely
behind the horizon and never crosses into region R — see second sub-figure in 3.
We will review how the Tomita-Takesaki construction can be applied to this case leading
to the well known result from the Unruh effect, that the Lorentz boost generator M along the
t-x1 directions plays the role of the modular Hamiltonian for the decomposition into AR,AL.
We will also see that if we start with a state UR|0〉 localized in the right wedge, then the state
e−piMURepiM |0〉 is localized in the left wedge14. Notice the analogy to (2.14). This result can
be easily derived in free field theory using the Bogoliubov transformation between Minkowski
and Rindler modes, as reviewed towards the end of this section, but the result is more general
and holds also for interacting QFTs.
According to the Reeh-Schlieder theorem [22], by acting with elements of the algebra AR
on |0〉 we can generate a dense subspace of the full Hilbert space. Moreover, it is impossible
to find annihilation operators for |0〉 which are entirely localized in the right wedge. Hence |0〉
is a cyclic and separating vector for the algebra AR. Thus the Tomita Takesaki construction
can be applied, which is essentially captured by the analysis of Bisognano and Wichmann
[30]. They showed that if we define an antilinear operator S such that SAR|0〉 = A†R|0〉, for
any operator AR constructed out of fields in R, then the operator S can be expressed as
S = ΘU(R1(pi))e−piM (3.1)
where Θ is the CPT operator, U(R1(pi)) is a rotation by pi around the x
1 axis and M is the
Lorentz boost generator on the t-x1 plane. Notice the last factor is a complexified Lorentz
boost. To understand how (3.1) is derived, we can take AR to be a local scalar operator O(x)
in the right wedge. By temporarily ignoring issues of the domains of operators, we can see
that the sequence of the complexified Lorentz boost, the rotation by pi around x1 and the
CPT operator, map the point x back to itself, with an additional conjugation of the operator,
that is SO(x)|0〉 = O†(x)|0〉. In [30] the convergence of this mapping was established and it
was extended to more general operators in the right wedge.
From (3.1) we find that
∆ = S†S = e−2piM
We thus find that the modular Hamiltonian, defined as K ≡ − log ∆, is proportional to the
Lorentz boost generator
K = 2piM
14As seen in figure 3, the more precise statement is that UR|0〉 is localized entirely outside the left wedge,
and e−piMURepiM |0〉 is localized entirely outside the right wedge.
– 13 –
Figure 3. Left: a state of the form UR|0〉, where UR is unitary localized in the right wedge. Right:
the corresponding state e−piMUR|0〉, where M is the Lorentz boost generator on the t-x1 plane. The
shaded regions show schematically the points where correlators differ from vacuum correlators. The
state on the right represents an excitation which, from the point of view of an observer in R, remains
behind the horizon for all time.
The coefficient 2pi is the inverse temperature T = 12pi of the Unruh effect.
We also find that the modular conjugation operator (2.5) is given by
J = ΘU(R1(pi)) (3.2)
which obeys J = J† = J−1. Notice that if OR is a local operator in the wedge R then JORJ
is localized in the left wedge and more generally the results of [30] imply for the algebras
JARJ = AL (3.3)
Now, suppose we want to consider a state with an excitation localized outside the left
wedge L. Such a state can be constructed by acting with a unitary operator made out of
operators from the algebra AR. We denote such a unitary operator by UR. We think of
it as being the exponential eiOR of some smeared local operator OR in region R. We can
also think of it as the operator that we get by modifying the Hamiltonian by turning on a
localized source for a while in the region R. The state UR|0〉 contains some excitations on top
of the vacuum, however these excitations cannot be detected in region L. We can see that by
computing the expectation value of any operator OL ∈ AL, on the state |Ψ〉. We have
〈Ψ|OL|Ψ〉 = 〈0|U †ROLUR|0〉 = 〈0|OL|0〉
where we used [OL, UR] = 0, since the support of the two operators is spacelike. From this
we see that all correlators of elements of AL are the same in the state |Ψ〉 as in |0〉.15
15Notice that this is generally true only for unitary operators UR. For example, if we act with a general
Hermitian operator φR localized in R and consider the state cφR|0〉, where c is a normalization factor, then
despite the fact that [OL, φR] = 0 correlators in the left wedge on this state are different from those in |0〉.
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Now we consider states of the form
|Ψ′〉 ≡ e−piMUR|0〉 (3.4)
Since M |0〉 = 0 we can equivalently write the state as |Ψ′〉 = e−piMURepiM |0〉, to make the
analogy with (1.1) more clear. These states contain excitations which are not detectable in
region R. More precisely we will see that all correlators of operators in region R on the state
|Ψ′〉 are the same as those in the vacuum. Notice that the operator e−piM is unbounded, as
the spectrum of the Lorentz boost generator M is (−∞,∞). However the state UR|0〉 is in
the domain of the operator e−piM . This follows from the analysis of [30] and is discussed in
more detail in appendix B.
To prove that the state (3.4) is localized outside the wedge R, we insert a factor of J2 = 1,
where J is given in (3.2) to get
|Ψ′〉 = J2e−piMUR|0〉 = JSUR|0〉 = JU †R|0〉 = (JU †RJ)|0〉 = UL|0〉 (3.5)
where UL is a unitary operator in the left wedge. Here we used that J |0〉 = |0〉 and the
property SAR|0〉 = A†R|0〉, which was the defining property of S. To check that UL is indeed
unitary, we first notice from (3.3) that UL ≡ JU †RJ is an operator localized in L. We also
have U †LUL = (JURJ)
†(JU †RJ) = 1, where we used J
† = J = J−1 and that UR is unitary.
Hence UL is indeed a unitary in the left wedge.
Given that the state (3.4) can also be written as |Ψ′〉 = UL|0〉, where UL is unitary and
[UL,OR] = 0, the desired property is obvious
〈Ψ|OR|Ψ〉 = 〈0|U †LORUL|0〉 = 〈0|OR|0〉
for any operator OR in the right wedge, which may even be non-local or the product of many
local operators in wedge R.
This shows that we can prepare states which have excitations only outside region R, by
acting with unitaries made out of operators in R and then further multiplying by the factor
e−piM . Of course M has support both on L and R. Notice that while in this way we can
construct the states with excitations in region L, we cannot construct the operators acting
on L. This can be understood by noticing that while e−piMUR (or e−piMURepiM ) creates
excitations purely outside region R when acting on the vacuum |0〉, this will no longer be
true if we act with it on a more general excited state, since the proof presented above will not
go through for general states16. Equivalently, e−piMURepiM does not commute as an operator
with general operators OR ∈ AR, so it is not an element of AL.
As discussed in the previous section something similar is happening in the case of a
thermal quantum system, which may be dual to a black hole in AdS. The role of the algebra
AR is played by the algebra of simple operators, while the role of the modular Hamiltonian K
16For example, if a state contains excitations in the left wedge, then it may not even be in the domain of
definition of the operator e−piM , as we discuss below.
– 15 –
is played by the physical Hamiltonian generating time translations. Both for the AdS black
hole and for Rindler space the states with excitations living entirely on the other side of the
horizon are constructed as
e−
K
2 U(O)eK2 |Ψ〉
where K is the modular Hamiltonian. We could just write this as e−
K
2 U(O)|Ψ〉 since K
annihilates |Ψ〉.
The analogy is not complete: in the case of the black hole we are applying the Tomita
Takesaki construction in an approximate sense, since the small algebra A that we defined is
not a proper algebra, unlike AR in the case of QFT in flat space17. As mentioned before, this
is important as a realization of the idea of black hole complementarity.
Another comment is that in the case of non-gravitational Rindler space the modular
Hamiltonian 2piM can be constructed only if we have access to both wedges. In the case of
a 1-sided black hole the modular Hamiltonian is determined by the CFT Hamiltonian, which
naively seems to be related to the exterior region near the boundary, however due to the
gravitational dressing it effectively has support also in the interior.
Yet another difference is that in non-gravitational Rindler space QFT we have only one
state, the Minkowski vacuum |0〉, corresponding to a system in “equilibrium”, while in the
case of the thermal system any typical pure state |Ψ0〉, dual to a specific black hole microstate,
can play the role of the reference equilibrium state.
Free field theory
Consider a free field in the Rindler decomposition. The field is expanded in right and left
Rindler oscillators which we denote respectively as aω, a˜ω. Here we write only the index of the
Rindler frequency ω and suppress the index of the transverse momentum. These oscillators
obey the standard algebra
[aω, a
†
ω′ ] = δ(ω − ω′) , [a˜ω, a˜†ω′ ] = δ(ω − ω′)
with other commutators equal to zero. We also have the Unruh thermal occupation expecta-
tion values with β = 2pi leading to
〈0|a†ωaω′ |0〉 = 〈0|a˜†ωa˜ω′ |0〉 = δ(ω − ω′)
e−2piω
1− e−2piω (3.6)
In terms of these oscillators the Lorentz generator has the form
M =
∫ ∞
0
dω ω
(
a†ωaω − a˜†ωa˜ω
)
As an example, start with a unitary on the right wedge expanded to linear order in θ
UR = e
iθ(aω+a
†
ω)|0〉 = |0〉+ iθ(aω + a†ω) +O(θ2)
17Even in QFT in flat space it is nontrivial to go from the polynomial algebra of smeared operators, which
are generally unbounded, to a von Neumann algebra of localized, bounded operators.
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To be more precise we should have smeared the modes, but the logic would be the same. We
have
e−piMUR|0〉 = |0〉+ iθ(epiωaω + e−piωa†ω)|0〉+O(θ2)
Using the Bogoliubov relations
(a˜ω − e−piωa†ω)|0〉 = 0
(a˜†ω − epiωaω)|0〉 = 0
we can write the state above as
e−piMUR|0〉 = |0〉+ iθ(a˜†ω + a˜†ω)|0〉+O(θ2)
which is the the same as the expansion to linear order in θ of a unitary localized in the left
region
UL|0〉 = eiθ(a˜
†
ω+a˜
†
ω)|0〉
More generally, according to (3.5), we have that
e−piMUR|0〉 = UL|0〉
The eternal AdS black hole
Another example where a similar algebraic structure appears is the eternal AdS black
hole, dual to two non-interacting CFTs in the thermofield (TFD) entangled state
|TFD〉 =
∑
E
e−βE/2√
Z
|E,E〉
If in this case we take the algebra A to be the algebra of operators in the right CFT, then we
find that
∆ = e−β(HR−HL) , K = β(HR −HL)
and the antilinear modular conjugation operator J interchanges operators between the two
CFTs
JORJ = OL
We can create excitations which are localized in the right AdS region as
U(OR)|TFD〉
If we conjugate the operator using ∆1/2 = e−
K
2 , and following similar steps as the one we
used for Rindler space, we have the relation
e−
β(HR−HL)
2 U(OR)|TFD〉 = U(OL)|TFD〉
so the state can also be written as a unitary made out of the left CFT operators, which means
that the excitations is completely localized in the left CFT.
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4 Equilibrium states and spontaneous fluctuations
Returning to statistical mechanics, in this section we review some useful concepts. A more
complete discussion is presented in appendix A.
We want to define the notion of an equilibrium pure state for an isolated quantum system.
We assume that the system is bounded and has discrete spectrum. Before considering pure
states we mention two commonly used equilibrium mixed states, the canonical one ρβ =
e−βH
Z
and the microcanonical ρm =
PE0
N . Here PE0 is a projector on the subspace spanned by
energy eigenstates which lie within a small window centered around E0 and N = eS is the
dimensionality of this subspace. Since [ρβ, H] = [ρm, H] = 0, all observables are exactly
time-independent on both of these mixed states. Notice that expectation values in these two
mixed states differ by powers of 1/S
Tr[ρmA] = Tr[ρβA] +O(1/S) (4.1)
Here we assume ||A|| ∼ O(S0). Here β and E0 are related by ∂S∂E |E0 = β.
To define the notion of equilibrium for a pure state we require two conditions: i) that
correlators of simple observables on the state are approximately time-independent and ii) that
their values are close to the thermal correlators on ρβ, or equivalently up to 1/S corrections,
to microcanonical correlators on ρm.
Equilibrium pure states are related to typical pure states. A typical state is defined by
considering a window of energies centered around E0 and writing down a superposition of
energy eigenstates in that window
|Ψ〉 =
∑
i
ci|Ei〉 (4.2)
The coefficients ci are selected randomly, subject to the normalizability condition
∑
i |ci|2 = 1.
This defines the notion of a typical pure state corresponding to the micrononical ensemble,
since in (4.2) we have included only eigenstates |Ei〉 from a particular energy window. It is
easy to show that for such typical pure states we have
〈Ψ|A|Ψ〉 = Tr[ρmA] +O(e−S/2) (4.3)
where again we assume that the norm ||A|| scales like S0. See appendix A for a more precise
definition of typical states and for the precise interpretation of (4.3).
For the following discussion it is useful to consider the expectation value and the energy
spread of a pure state
E0 ≡ 〈Ψ|H|Ψ〉
(∆E)2 ≡ 〈Ψ|H2|Ψ〉 − 〈Ψ|H|Ψ〉2 (4.4)
We assume that the observables A that we will consider obey the Eigenstate Thermal-
ization Hypothesis (ETH) [20, 21], which postulates that the matrix elements of observables
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on energy eigenstates have the following structure
〈Ei|A|Ej〉 = f(Ei)δij +Rije−S/2g(Ei, Ej) (4.5)
where the functions f, g are smooth functions of the energy and of magnitude O(S0), while
Rij are complex coefficients with magnitude of O(1) and erratic phases. Here S is the entropy
at the relevant energy18.
We can now see that typical states are equilibrium states. We consider the time depen-
dence of any observable on a typical state. Using (4.5) we find
〈A(t)〉 =
∑
i
|ci|2f(Ei) +
∑
i 6=j
e−i(Ej−Ei)tc∗i cjRije
−S/2g(Ei, Ej) (4.6)
For typical states the second term is of order O(e−S/2) because of cancellations of random
phases. To understand the scaling, the coefficients ci scale like e
−S/2, we have an explicit
factor of e−S/2 from the size of the matrix elements of A and we get another factor of
√
e2S
since we are summing over e2S random phases. In this argument it was important that for
typical states, the phases of the coefficients ci are uncorrelated to the erratic phases of Rij .
Hence we find that the expectation value of A is almost time independent. Moreover
this time independent value is given by the first term in (4.6). According to the ETH the
coefficient f(Ei) is a smooth function of the energy. So if the state has highly peaked energy
the time independent value will be almost equal to the expectation value in the microcanonical
ensemble, and up to 1/S corrections equal to the thermal expectation value at the appropriate
temperature.
We emphasize that for pure states the notion of equilibrium may depend on the time
range that we probe the state. If we start with a state that looks like an equilibrium state
and if we wait long enough, there may be a time t0 where the phase factors e
−i(Ej−Ei)tc∗i cj in
(4.6) get correlated with Rij in such a way that the off-diagonal terms become as important
as the diagonal term, for a certain time interval. When this happens the state which used to
look like an equilibrium state at early times, will temporarily get out of equilibrium. This can
lead to nontrivial time-dependence of observables around the time t = t0. Upon further time
evolution the phases will decohere and the state will start to look again like an equilibrium
state. If we look at the entire history of the state, this has the interpretation as a state which
undergoes a spontaneous non-equilibrium fluctuation around t = t0. We notice that whether
this will happen or not throughout the history of the state, depends on the coefficients ci.
We also stress that such spontaneous fluctuations can only happen when the spread ∆E
of (4.4) is appreciably large. This follows from the basic inequality
1
2
∣∣∣∣d〈A〉dt
∣∣∣∣ ≤ ∆A∆E (4.7)
in quantum mechanics, where ∆A ≡ √〈Ψ|A2|Ψ〉 − 〈Ψ|A|Ψ〉2. This inequality implies that
if the spread ∆E of a pure state is too small then there will not be interesting spontaneous
fluctuations in the history of the state even if we wait exponentially long.
18Which can be either Ei or Ej , by absorbing an appropriate factor in g.
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5 Excitations of equilibrium states and the black hole geometry
In this section we consider three classes of states and their bulk interpretation in AdS/CFT:
i) equilibrium states ii) states with excitations visible outside the horizon iii) states with
excitations hidden behind the horizon.
5.1 Equilibrium states and static black hole geometry
We take a pure state |Ψ0〉 selected from the microcanonical ensemble centered around energy
E0 and with spread ∆E. If the width ∆E is extremely small, then the state will look almost
like an energy eigenstate, and given (4.7), reasonable observables will not have any interesting
time variation, even if we wait for exponentially long times. If the spread ∆E is sufficiently
large, then the state may have time-dependence and undergo spontaneous fluctuations away
from equilibrium. However, as reviewed in appendix A.3 most states and for most of their
history will look like equilibrium states even if ∆E is appreciable.
For such typical pure states correlators of operators of the algebraA are time-independent
up to exponentially small corrections
d
dt
〈Ψ0|A(t)|Ψ0〉 = O(e−S/2) (5.1)
as we already explained after (4.6). The same conclusion can be reached for correlators
involving operators from the algebra A including the Hamiltonian H, i.e.
d
dt
〈Ψ0|A(t)H|Ψ0〉 = O(e−S/2) (5.2)
In fact we can derive (5.1), (5.2) even without invoking the ETH. We reviewed in 4.3 that
correlators on typical pure states from the microcanonical distribution are exponentially close
to correlators on the microcanonical mixed state ρm =
PE0
N . In the microcanonical mixed state
ρm the time derivative of the expectation value of any operator is exactly equal to zero, since
[ρm, H] = 0. From these two arguments the conclusions (5.1), (5.2) follow.
Notice that here we are talking about the time-dependence of the expectation value of the
operator A(t) = eiHtAe−iHt, where A is a fixed operator in the Schroedinger picture. We could
for instance consider an n-point function by taking A = eiHt1Oe−iHt1 . . . eiHtnOe−iHtn , where
we think of ti’s as fixed parameters defining the operator A, and consider the t-dependence
of
〈Ψ0|O(t+ t1) . . .O(t+ tn)|Ψ0〉
The statement that |Ψ0〉 is in equilibrium means that the n-point function does not depend
on the overall time t, but of course it can depend nontrivially on the time differences ti.
To summarize, correlators of A on typical pure states from the microcanonical ensemble
are exponentially close to correlators on the microcanonical mixed state ρm and appear to
be in equilibrium. In addition we can approximate the correlators in ρm by those in the
canonical mixed state ρβ = Z
−1e−βH , up to 1/S corrections
Tr[ρmA] =
Tr[e−βHA]
Z
+O(1/S) (5.3)
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The thermal correlators on the RHS can be computed by analytic continuation starting from
the Euclidean theory with the time compactified on a circle of length β.
In a large N CFT with a gravitational dual, these considerations allow us to determine the
leading order correlators in 1/N , on a typical pure state in the high temperature deconfined
phase. We start by the basic prediction by AdS/CFT, that Euclidean thermal correlators
can be computed by a perturbative expansion in Witten diagrams around the Euclidean
black hole. By analytic continuation we get the real-time thermal correlators on the mixed
state ρβ = Z
−1e−βH . We assume that upon analytic continuation to real time, and provided
that the time separation between the local operators composing A is not too large, the 1/N
corrections of the Euclidean correlator remain subleading. From the real time correlators on
ρβ we can derive the leading order real time correlators on the microcanonical ensemble ρm.
Finally from (4.3) we can also get the leading order correlators on a typical pure state. Then
we find that real-time correlators of single trace operators on a typical equilibrium pure state
factorize to 2-point functions19
〈Ψ0|O(t1, x1) . . .O(t2n, x2n)|Ψ0〉 =〈Ψ0|O(t1, x1)O(t2, x2)|Ψ0〉 . . . 〈Ψ0|O(t2n−1, x2n−1)O(t2n, x2n)|Ψ0〉
+ permutations +O(1/N)
(5.4)
where the 2-point functions are almost equal to the thermal ones
〈Ψ0|O(t1, x1)O(t2, x2)|Ψ0〉 = Tr
[
e−βHO(t1, x1)O(t2, x2)
]
+O(1/N) (5.5)
The approximation of large N factorization is reliable only when the time differences are not
too large, or too small. For example, in out of time order correlators for which ∆t approaches
the scrambling time β logS, the subleading 1/N corrections may become as large as the
leading order terms [31]. Also, 1/N corrections may get enhanced in Lorentzian correlators
in particular kinematic regimes related to lightcones.
Equations (5.4),(5.5) imply that, to leading order in 1/N , the dual geometry of a typical
pure state |Ψ0〉 is determined by the analytic continuation of the Euclidean black hole. In
particular it is clear that the dual spacetime will contain at least the region outside a static
black hole horizon, with the quantum fields on this spacetime placed in the usual Hartle-
Hawking thermal state. This can be made precise by considering the HKLL construction [32]
of local operators in the bulk and showing that their correlators agree with those computed
from semiclassical gravity [5]. Notice that from the ETH, the same conclusion applies even if
|Ψ0〉 is an exact energy eigenstate.
The question of how to extend the spacetime behind the past and future horizons has
been subject of discussion, with proposals [3, 4] that the diagram may have to be terminated
on the horizons with a firewall or some kind of fuzzball. In [5, 6, 7, 8, 9] a proposal was
given of how the CFT may describe the extended Penrose diagram of the static black hole.
We will argue that the existence of certain non-equilibrium states in the CFT, which can be
19Here we assume that we have defined O so that its 1-point function is zero.
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identified with excitations moving in a region different from the exterior of the black hole,
provides support to the idea that we should extend the spacetime diagram to the interior
region, and part of what would be the left asymptotic region, as depicted in figure 1.
Before we move to non-equilibrium states, we mention that computing the subleading
corrections in 1/N on a typical pure state is more complicated. The computation of 1/N
corrections to thermal Euclidean correlators can be done by computing interacting Witten
diagrams on the Euclidean black hole. These can be analytically continued to real time, thus
allowing us to compute 1/N corrections to real-time correlators on the canonical mixed state
ρβ. We would like to relate those to the subleading corrections in ρm and eventually use the
fact that correlators on ρm and on a typical pure state are exponentially close (4.3). However,
correlators in the two ensembles ρm, ρβ differ by 1/N terms (5.3)
20, which appear at the same
order with the 1/N corrections coming from interactions in the bulk. It might be possible to
disentangle the two by an inverse Laplace transform from one ensemble to the other, but this
has not yet been analyzed in detail in relevant examples.
5.2 Standard non-equilibrium states — excitations outside the horizon
We now want to consider a standard class of non-equilibrium states, corresponding to a black
hole with a few excitations outside the horizon (on top of the equilibrium Hawking radiation
surrounding a big AdS black hole). We start with an equilibrium state |Ψ0〉 and we act on it
with a unitary operator of the form U(O), which is made out of operators of the algebra A of
single trace operators localized around a given time t0. In AdS/CFT we may be interested in
exciting the state by an HKLL operator [32], corresponding to creating a wavepacket in the
bulk, in the region outside the horizon. For simplicity we assume that the energy change due
to U(O) scales like N0, so that the backreaction on the classical geometry is not significant.
We consider the state
|Ψ〉 = U(O)|Ψ0〉 (5.6)
This generally behaves like a non-equilibrium state around the time t = t0 and if we compute
correlators on this state near t0 we will have
d
dt
〈Ψ|A(t)|Ψ〉 6= 0
For example, if we consider a perturbation of the form U = eiθO(t0), where O is Hermitian,
we then find
〈Ψ|O(t)|Ψ〉 = 〈Ψ0|O(t)|Ψ0〉+ iθ〈Ψ0|[O(t),O(t0)]|Ψ0〉+O(θ2) (5.7)
While the first term is almost time-independent (5.1), the second term will generally be non-
zero and time-dependent. Hence by measuring the time-dependence of the expectation value
of O(t) on this state we can see that it is a non-equilibrium state. However, at very late,
20For big AdS black holes dual to the deconfined phase of the N = 4 SYM in the ’t Hooft limit we have
S ∼ cN2T 4R4.
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or very early times, the state will equilibrate again: the linear term in θ in equation (5.7) is
proportional to the imaginary part of the 2-point function 〈Ψ0|O(t)O(t0)|Ψ0〉, which decays
exponentially in the time-difference |t−t0|. This is a more general conclusion, which we expect
to hold not only to linear order in θ: under time evolution an atypical, i.e. non-equilbrium
state, will eventually start to look like a typical state and will equilibrate.
Notice that not all unitaries made out of O turn equilibrium into non-equilibrium states
[3, 13]. If a unitary U commutes with the Hamiltonian H, then the state U(O)|Ψ0〉 will be
as typical as |Ψ0〉 and time correlators on it will be time-independent. Hence it will remain
an equilibrium state. Various aspects of the bulk interpretation of such states have been
discussed in [3, 13, 9, 14, 16, 18]. From now on we will consider only U ’s which lead to
non-equilibrium states.
In order to fully characterize the history of the state (5.6), including both the past and
the future, we have to clarify the interpretation of (5.6). There are two possibilities:
a) As an ”actively perturbed state“: at time t = t0 we quench the system by modifying
the Hamiltonian of the theory by adding a source term for a very short period, schematically
H(t) = H0 + j(t)O(t)
where the source j(t) is highly peaked around t = t0. Ignoring the short time that it takes
for the perturbation to act, then for t < t0 the state of the system is |Ψ0〉, while for t > t0
the state is to leading order |Ψ〉 = U(O)|Ψ0〉. In this case (5.7) is only valid for t > t0. The
AdS/CFT interpretation of the actively perturbed states is that we perturb the CFT, which
used to be in the state |Ψ0〉 for t < t0, by some source near t = t0, injecting a wavepacket or
shockwave towards the black hole.
b) As an ”autonomous state“: in this case we do not actively perturb the system at
t = t0. Instead we simply consider the state (5.6) as a state in the Heisenberg picture with
respect to the original unperturbed Hamiltonian H0.
These two interpretations agree on what the state of the system is for t > t0, but clearly
they differ for t < t0. In either of the two interpretations the state right after t0 is given
by (5.6). Seen as an actively perturbed state, the full interpretation is that we start with
a system in equilibrium, we excite it at t = t0 and then it equilibrates again at late times.
Seen as an autonomous state, we notice that not only at very late, but also at very early
times, the state looks like an equilibrium state, while at t ≈ t0 the state exhibits nontrivial
time-dependence. Hence the state (5.6) is one which is fine-tuned to undergo a spontaneous
fluctuation at time t = t0.
We emphasize that this spontaneous fluctuation is not the same thing as the thermal
fluctuations of the Hawking atmosphere around the black hole. The latter are captured by
the fact that the modes outside the horizon are thermally populated, which is encoded in
the moments of the thermal occupation level Z−1Tr[e−βHNkω ], where Nω = O†ωOω. On the
non-equilibrium states (5.6) the expectation values of these moments are changed from those
in the thermal ensemble. So on states like (5.6) quantum observables have different statistical
probabilities that in the thermal ensemble.
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Seen as an autonomous state (5.6) describes an excitation which is ejected from the past
horizon into the exterior AdS spacetime, reaches a maximum radial distance and falls back into
the future horizon. The details of this excitation depend on the choice of the unitary operator
U(O). Using the HKLL [32] dictionary we can find a mapping between bulk wavepackets and
boundary operators creating the corresponding excitations. Extrapolating the history of these
wavepackets beyond the future and past horizons, we see that they interpolate between the
past and future singularities. Directly verifying the bulk interpretation of the non-equilibrium
state (5.6) behind future and past horizons, requires the construction of local operators behind
the horizon, for instance using the state-dependent operators O˜ in the construction of [5, 6,
7, 8, 9].
We can also consider states which contain more than one wavepackets, which can be
written in the form U1(O) . . . Un(O)|Ψ0〉, with n N . Their bulk interpretation corresponds
to several wavepackets moving in the exterior of the black hole. If the unitaries are supported
on spacelike separated regions, then they commute and the bulk interpretation is clear. Oth-
erwise, we have to take the commutators into account. If the temporal separation of these
unitaries is not larger than scrambling time and each of the unitaries caries energy of order
O(N0), then the large N expansion is reliable. By considering the possible ways of exciting
the state with various unitaries we represent the space-time description of the black hole
exterior.
Incidentally we mention an extreme situation of considering the state U(O)|0〉, where |0〉
is the ground state of the CFT and now U(O) is a unitary which injects an energy of order
O(N2) at time t = t0. If we consider the state for t > t0 it will look like a collapsing shell
of matter, which may for example correspond to an AdS-Vaidya-like solution. If we think of
it as an autonomous state, then for times t < t0 the interpretation is that of an exploding
white hole, a time-reversed Vaidya solution where a black hole emits at once all of its energy
into a single ”Hawking shockwave“. At very early and very late times the bulk looks like a
black hole, while at t = t0 we have a shell of energy O(N
2) expanding to some maximum
radius in AdS and then collapsing again. Since we focus on perturbations U(O) which do not
backreact on the classical geometry we will not consider such states.
While autonomous states like (5.6) require fine-tuned initial conditions, their existence
in the Hilbert space of the CFT is clear. In principle we can actually prepare these states, by
acting with the (very complicated) ”precursor” of the operator U(O(t0)) at an earlier time
t′  t0. As time evolves from t′ towards t0 the state will look like the autonomous state
U(O(t0))|Ψ0〉, and the system will spontaneously move out of equilibrium. Alternatively,
we can quench the system at t = t0 by the simple operator U(O(t0)) and then wait for
a Poincare recurrence time for the state to undergo the same fluctuation, now seen as a
spontaneous fluctuation.
It is interesting to consider the sensitivity to the initial conditions. The state U(O(t0))|Ψ0〉
is fine-tuned to undergo a spontaneous fluctuation at t = t0, which means that expectation
values around t = t0 deviate from the equilibrium values. Suppose that we add an addi-
tional small perturbation by considering the state U(O′(t1))U(O(t0))|Ψ0〉, where t1  t0. If
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|t1 − t0|  β logS then due to the chaotic behavior of the system the expectation value of
O(t0) will return to its equilibrium expectation value. From the bulk point of view the first
particle/shockwave at t = t1 pushes the second one behind the horizon long before the time
t = t0 [33].
Finally, it is natural to ask what is the probability for a state to undergo such a sponta-
neous fluctuation at some point in its lifetime. The question is, given a pure state |Ψ〉 with
energy spread ∆E, how likely is it that at some point in its lifetime it will look like U(O)|Ψ0〉
for some unitary made out of the algebra A and some equilibrium state |Ψ0〉. This would
give us the statistics of the particles that the white-hole singularity will emit throughout the
lifetime of the state. We do not address this question here.
5.3 Non-equilibrium states and excitations behind the black hole horizon
We now consider the states of main interest in this paper, which are of the form
|Ψ〉 = e−βH2 U(O)eβH2 |Ψ0〉 (5.8)
where |Ψ0〉 is a typical equilibrium state with average energy E0 and spread in energy ∆E,
which we will assume to be small enough so that the state |Ψ0〉 can be interpreted as a state
from the microcanonical ensemble21. We assume that the unitary U(O) does not commute
with H, so that the state U(O)|Ψ0〉 would be a non-equilibrium state.
We can also write (5.8) as e−
K
2 U(O)eK2 |Ψ〉 where K = β(H−E0) is the large N modular
Hamiltonian, see (2.9). If the energy of the state |Ψ0〉 is very highly peaked around E0 it
can also be approximately written as |Ψ〉 = e−β(H−E0)2 U(O)|Ψ0〉. Notice the analogy with the
states (3.4) in Rindler space.
We will see that a state of the form (5.8) is a non-equilibrium state, even though it
seems to be in equilibrium when probed by the algebra A. In AdS/CFT, if we take the state
|Ψ0〉 to be a typical equilibrium black hole microstate, then we propose that the state (5.8)
has the interpretation as a state with excitations localized entirely behind the horizon. This
follows from the fact, shown in (5.12), that large N correlators of single trace operators on
the state (5.8) are the same as those in an equilibrium state. Hence we have to associate
to this state, the exterior geometry of a static AdS black hole with the fields in the exterior
region in a thermal density matrix, without any additional excitations. On the other hand,
we will see in (5.16) that the state (5.8) is out of equilibrium, so it is natural to represent
these non-equilibrium excitations in the bulk as being localized behind the horizon.
To proceed, let us first introduce the shorthand notation
V ≡ e−βH2 U(O)eβH2
21We also assume that |Ψ0〉 has compact support on the energy spectrum, so that it lies in the domain of
the unbounded operator e
βH
2 .
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A first observation is that the operator V is not unitary. Nevertheless, the state (5.8) is
unit-normalized up to 1/S corrections. We see this from
〈Ψ|Ψ〉 = 〈Ψ0|V †V |Ψ0〉 = Z−1Tr[e−βHV †V ] +O(S−1)
= Z−1Tr[e−βHe
βH
2 U(O)†e−βH2 e−βH2 U(O)eβH2 ] +O(S−1)
= 1 +O(S−1). (5.9)
Here we used the approximation of correlators with thermal correlators (2.1) and the cyclicity
of the trace. Hence while V is not unitary, it gives almost unit-normalized states when acting
on typical, equilibrium states22.
To make the state (5.8) exactly unit normalized we can consider
|Ψ〉 = c e−βH2 U(O)eβH2 |Ψ0〉 (5.10)
where the constant c is selected so that 〈Ψ|Ψ〉 = 1, i.e.
|c|2 = (〈Ψ0|V †V |Ψ0〉)−1 (5.11)
Then (5.9) implies that at large S we have |c|2 = 1 + aS + ..., where the constant a is O(1)
and determined by the error term in (5.10). Since |c| is very close to 1, sometimes we do not
explicitly write this normalization factor, but it should be understood as being there in order
to work with unit-normalized states.
Because V = e−
βH
2 U(O)eβH2 in not unitary, it is not straightforward to think of the states
(5.8) as being created by actively perturbing the system by a quench. We will make some
additional comments about this point in subsection 5.5, but for now we will continue to think
of the states (5.8) as autonomous states in the Hilbert space of the theory evolving always
with the unperturbed Hamiltonian H.
We proceed to argue that the states of the form (5.8) have the properties that: i) they
appear to be in equilibrium with respect to the algebra A, even though, ii) they are genuinely
time-dependent, non-equilibrium states. These observations are motivated by the results of
[7].
i) State seems to be in equilibrium when probed by A
We consider an operator A in the algebra A and follow the same steps as in (5.9). We
have
〈Ψ|A|Ψ〉 = |c|2〈Ψ0|V †AV |Ψ0〉 = |c|2Z−1Tr[e−βHV †AV ] +O(S−1)
= Z−1Tr[e−βHe
βH
2 U(O)†e−βH2 Ae−βH2 U(O)eβH2 ] +O(S−1)
= Z−1Tr[e−βHA] +O(S−1) (5.12)
22Notice that if we act with V on a general non-equilibrium state, then V does not preserve the norm —
not even approximately at large S. The proof (5.9) relied on the fact that |Ψ0〉 was an equilibrium state.
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where we used that |c|2 = 1+O(1/S). The result (5.12) means that the algebra A probes the
state |Ψ〉 as if it were an equilibrium state, up to 1/S corrections. In particular this means
that correlators of A on this state will be time independent
d
dt
〈Ψ|A(t)|Ψ〉 = O(S−1) (5.13)
We notice that if we try to define similar states as (5.8), with different values of the expo-
nents, for example e−s1HU(O)es2H |Ψ0〉 then these states will generally give time-dependent
correlators for the algebra A, unless s1 = s2 = β2 .
ii) State is out of equilibrium when probed by A and H
At this point one might think that the state |Ψ〉 defined by (5.8) is an equilibrium state,
but it is actually a time-dependent, non-equilibrium state. In order to see this, we need to
consider correlators which include the operator H. Its special significance is that β(H −E0)
acts as the modular Hamiltonian for the small algebra A, which can detect excitations in the
commutant A′ because of (2.8).
Applying the same argument as in (5.12) for correlators of the form AH is not as straight-
forward because the typical size of H is O(S), hence it may enhance the 1/S corrections and
lead to an O(1) result. Indeed, as we will see below this actually happens and moreover these
O(1) terms can be reliably computed, provided that |Ψ0〉 has small energy spread.
Define Hˆ = H − E0 where E0 = 〈Ψ0|H|Ψ0〉. Including the normalization factor (5.10)
the state is |Ψ〉 = cV |Ψ0〉. Here we introduce again the label t0 to indicate that the unitary
is made out of operators localized around t = t0. Then we consider a correlator of the form
〈Ψ|A(t)Hˆ|Ψ〉
We show that it is possible to select A so that this correlator has nontrivial time-derivative
with respect to t. The operator A can be selected in several ways. One way is to first define
the operator
X(t0) ≡ [H,U(O(t0))]U †
Notice that X† = X. Then we select
A(t) = e−
βH
2 X(t)e
βH
2 (5.14)
We have
d
dt
〈Ψ|A(t)Hˆ|Ψ〉 = |c|2 d
dt
〈Ψ0|V †A(t)HˆV |Ψ0〉
= |c|2 d
dt
〈Ψ0|V †A(t)[H,V ]|Ψ0〉+ |c|2 d
dt
〈Ψ0|V †A(t)V Hˆ|Ψ0〉
The last term is subleading in 1/S and can be dropped. Intuitively this is as follows:
to leading order in S−1 we have Hˆ|Ψ0〉 = 0. However, the state |Ψ0〉 will have some
spread in energy, so there will be corrections. On the other hand from (5.13) we have
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d
dt〈Ψ0|V †A(t)V |Ψ0〉 = O(1/S). Combining these two statements we arrive at the result
mentioned above, see appendix C for more details. Hence we have
d
dt
〈Ψ|A(t)Hˆ|Ψ〉 = d
dt
〈Ψ0|V †A(t)[H,V ]|Ψ0〉+O(S−1) (5.15)
Now we replace in equation (5.15) that [H,V ] = e−
βH
2 [H,U ]e
βH
2 = e−
βH
2 X(t0)Ue
βH
2 and the
expression (5.14) for A. Finally we approximate the RHS of (5.15) by the thermal trace
d
dt
〈Ψ|A(t)Hˆ|Ψ〉 = d
dt
Z−1Tr[e−βHe
βH
2 U †e−
βH
2 e−
βH
2 X(t)e
βH
2 e−
βH
2 X(t0)Ue
βH
2 ] +O(S−1)
Using the cyclicity of the trace
d
dt
〈Ψ|A(t)Hˆ|Ψ〉 = d
dt
Z−1Tr[e−βHX(t)X(t0)] +O(S−1) (5.16)
where the leading term is generally nonzero and O(S0), showing that the state (5.8) has
non-trivial time-dependence and is out of equilibrium.
Examples
To be concrete, let us demonstrate the previous claims by considering the perturbation
U = eiθO(t0) where O is a Hermitian operator. Ignoring the unimportant subleading normal-
ization coefficient c, the state is
|Ψ〉 = e−βH2 eiθO(t0)eβH2 |Ψ0〉 (5.17)
In this case we can simply select23 the operator A to be A(t) = O(t) . First, to check (5.12)
we compute the expectation value of O(t) to linear order in θ. We find
〈Ψ|O(t)|Ψ〉 = 〈Ψ0|e
βH
2 e−iθO(t0)e−
βH
2 O(t)e−βH2 eiθO(t0)eβH2 |Ψ0〉
= 〈Ψ0|O(t)|Ψ0〉+ iθ
[
〈Ψ0|O(t)e−
βH
2 O(t0)e
βH
2 |Ψ0〉 − 〈Ψ0|e
βH
2 O(t0)e−
βH
2 O(t)|Ψ0〉
]
+O(θ2)
= 〈Ψ0|O(t)|Ψ0〉+ iθ
[
〈Ψ0|O(t)O(t0 + iβ
2
)|Ψ0〉 − 〈Ψ0|O(t0 − iβ
2
)O(t)|Ψ0〉
]
+O(θ2)
The first term is the equilibrium result, while the linear term in θ in the brackets is zero
by approximating these correlators by the thermal correlator and using the KMS condition
for |Ψ0〉. Hence to this order the state (5.17) seems to be in equilibrium. The same result
holds if instead of O(t) we compute any other expectation value for an operator A(t) from
the algebra A.
Second, to see that the state is out of equilibrium we compute
〈Ψ|O(t)Hˆ|Ψ〉 =
23The choice of A(t) which can detect the excitation is not unique.
– 28 –
= 〈Ψ0|O(t)Hˆ|Ψ0〉+ iθ
[
〈Ψ0|O(t)HˆO(t0 + iβ
2
)|Ψ0〉 − 〈Ψ0|O(t0 − iβ
2
)O(t)Hˆ|Ψ0〉
]
+O(θ2)
= 〈Ψ0|O(t)Hˆ|Ψ0〉+ iθ〈Ψ0|O(t)[Hˆ,O](t0 + iβ
2
)|Ψ0〉
+iθ〈Ψ0|
[
O(t)O(t0 + iβ
2
)−O(t0 − iβ
2
)O(t)
]
Hˆ|Ψ0〉+O(θ2)
The first term is the equilibrium result. The linear term in θ in the third line is very small
by using the KMS condition and the fact that Hˆ|Ψ0〉 ≈ 0, again the estimate for this type of
correlator is in appendix C. Hence the leading O(1) term is
〈Ψ|O(t)Hˆ|Ψ〉 = iθ〈Ψ0|O(t)[H,O](t0 + iβ
2
)|Ψ0〉+O(S−1) (5.18)
or
〈Ψ|O(t)Hˆ|Ψ〉 = θZ−1Tr[O(t)dO
dt
(t0 + i
β
2
)] +O(S−1) (5.19)
This correlator decays exponentially as |t − t0| becomes large, but it is nonzero and O(1)
around the time t = t0.
This confirms that the states (5.8) are out of equilibrium near t = t0. They undergo a
spontaneous fluctuation around that time and they settle back to equilibrium for earlier and
later times.
For example, consider a holographic 2d CFT on S1 × time in a typical pure state |Ψ0〉,
dual to a BTZ black hole. We consider the Wightman 2-point function of a local scalar
conformal primary operator of dimension ∆, which in the large central charge limit is24
〈Ψ0|O(t, x)O(t0, x0)|Ψ0〉 =
(
2pi
β
)2∆ +∞∑
m=−∞
1[
2 cosh
(
2pi(x−x0+2pim)
β
)
− 2 cosh
(
2pi(t−t0−i)
β
)]∆
(5.20)
where the inverse temperature β is determined by the energy of the state |Ψ0〉 using the
equation of state of the CFT. The i fixes the phase when the operators are timelike. The
sum over m ensures the periodicity of the correlator along the spatial circle x = x+ 2pi.
Now, we place the two operators at different points in time, but the same location in
space, and in what follows we suppress the x-variable. Analytically continuing t0 → t0 + iβ2
24According to (4.3), we expect the large c limit of the 2-point function on the typical pure state |Ψ0〉 to be
close to the thermal correlator at the appropriate temperature, see also [34] for a more direct demonstration
of the same statement. The thermal real-time 2-point function on S1 × time can be derived from that on
R× time by using the method of images. For a general CFT the method of images cannot be applied since the
operator O does not obey a Klein-Gordon equation on the boundary. However, this method can be applied in
holographic CFTs in the high temperature phase, since the operator O is dual to a bulk field φ which obeys
the bulk Klein-Gordon equation and the spherical BTZ 2-point function can be derived from the planar BTZ
2-point function by the method of images. Finally in 2d the thermal 2-point function on R × time can be
computed from that on the plane by the exponential map, see for example [5].
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Figure 4. The correlator (5.21) keeping only the linear term in θ and setting θ = 1, β = 1,∆ = 2.
The correlator is time dependent around t = t0 and decays exponentially for large |t− t0|.
we find
〈Ψ0|O(t)O(t0 + iβ
2
)|Ψ0〉 =
(
2pi
β
)2∆ +∞∑
m=−∞
1[
2 cosh
(
4pi2m
β
)
+ 2 cosh
(
2pi(t−t0)
β
)]∆
So if we consider the state (5.17) and compute 〈Ψ|O(t)Hˆ|Ψ〉 to linear order in θ using equation
(5.19) we find
〈Ψ|O(t)Hˆ|Ψ〉 = θ 2∆
(
2pi
β
)2∆+1 +∞∑
m=−∞
sinh
(
2pi(t−t0)
β
)
[
2 cosh
(
4pi2m
β
)
+ 2 cosh
(
2pi(t−t0)
β
)]∆+1 (5.21)
In figure 4 we plot the correlator as a function of t− t0 for some choice of the values β,∆.
While O(t)Hˆ is not a Hermitian operator and thus not an observable, we could also con-
sider the expectation value of the Hermitian operator {O(t), Hˆ}, which is twice the correlator
(5.21), given that the latter is real. Hence we find non-trivial time-dependence even in the
expectation value of Hermitian physical observables.
5.4 The bulk intepretation
In AdS/CFT the algebra A is generated by small products of single trace operators of low
conformal dimension. In a theory with large N and strong coupling these are dual to super-
gravity fields in the bulk. As mentioned in section 2 we do not include the CFT Hamiltonian
H in the algebra. Since we have
H =
∫
Sd−1
dd−1x T00(t, x)
the zero mode of the stress tensor is not part of A. This means that when we think of the
stress tensor as a single trace operator dual to the perturbative graviton we need to subtract
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its zero mode. The fact that H plays a special role and has to be treated differently is
related to the fact that operators behind the horizon, if defined relationally with respect to
the boundary, do not commute with the boundary Hamiltonian due to their gravitational
dressing. This also comes out naturally from the algebraic point of view (2.8). Because of
these non-vanishing commutators CFT correlators involving the Hamiltonian can detect the
excitations by detecting the Gauss law tails. The values of these correlators is the same
as what would be computed in effective field theory taking into account the gravitational
dressing.
The states e−
βH
2 U(O(t0))e
βH
2 |Ψ0〉 represent configurations which are undergoing a spon-
taneous fluctuation away from equilibrium around time t = t0. This fluctuation cannot be
detected by the usual HKLL fields in the exterior of the black hole. This suggests that these
excitations live in a causally disconnected region in the bulk, which is naturally identified
with part of the second asymptotic region. While these arguments do not constitute a proof
that the black hole interior is smooth, they provide evidence in its favor. They show that the
Hilbert space of the boundary CFT contains states which can be naturally identified with
excitations moving through the second asymptotic region that we would get by analytically
continuing the solution past the horizons.
Let us also notice that if the state U(O)|Ψ0〉 represents a wavepacket outside the horizon,
then the conjugation by the operator e−βH/2 leads to the state e−βH/2U(O)eβH/2|Ψ0〉 which
represents a similar (but conjugated) wavepacket, placed in the other asymptotic region be-
hind the horizon. As discussed in section 3 a similar observation holds for Minkowksi space
QFT. If the state U(OR)|0〉 represents a wavepacket which is localized in the right Rindler
wedge, then the state e−piMU(OR)epiM |0〉, where now M is the Lorentz boost generator, cor-
responds to a wavepacket localized in the left Rindler wedge. Notice the structural similarity,
since in the case of Minkowski space in the vacuum the Lorentz boost generator plays the role
of the modular Hamiltonian, while for a typical equilibrium state the modular Hamiltonian
is given by β(H − E0).
Finally, let us make a remark about the proposed interpretation of the states (5.8) as
depicted in figure 1c. We see that the excitations of the states (5.8) move for a while in the
left asymptotic region of the maximally extended Penrose diagram. On the other hand we
do not expect a single CFT to be able to reconstruct the same spacetime as the one that
would be assigned to the eternal black hole, which is holographically dual to two entangled
CFTs. We expect that the reconstruction of the left region of the Penrose diagram for a
1-sided black hole in a typical state must be limited in some way, which we have not specified
quantitatively. In the diagram this is indicated by the dotted lines, which mean that we
cannot extend the spacetime all the way to the asymptotic region which would correspond to
a second CFT. The fact that there is a limitation can be understood as follows: to approach
the left asymptotic boundary we need to construct wavepackets which have very high energy.
This means that the unitary U(O) must change the energy by a significant amount. In
this limit the large N expansion may become unreliable and some of the statements made
above will have to be modified. Another way to see the limitation is that, since the factor
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e−βH/2U(O)eβH/2|Ψ0〉 lowers the energy, the mass of the black hole provides a bound to how
heavy the operator U(O) can possibly be. This indicates that there must be some effective
cutoff in how much it makes sense to extend the diagram into the left asymptotic region. It
would be very interesting to make this more precise.
5.5 Some comments
a) The operator e−
βH
2 U(O)eβH2 in (5.8) is not unitary. However, for any given |Ψ0〉, it is
possible to rewrite the state e−
βH
2 U(O)eβH2 |Ψ0〉 in the form |Ψ〉 = U(O˜)|Ψ0〉, where now
U(O˜) is a unitary operator and the operators O˜ were defined in (2.7). This is analogous
to (3.5) in the Rindler space discussion. However, in the case of the black hole the unitary
U(O˜) is a state-dependent operator, i.e. it depends on the choice of the state |Ψ0〉. Relatedly,
e−
βH
2 U(O)eβH2 preserves the norm of the state only if it acts on equilibrium states, since in
the derivation (5.9) we used the KMS condition for the state |Ψ0〉.
b) Unlike the states (5.6) discussed in the previous subsection which could be thought of as
being prepared by a quench of the system, the states (5.8) are not so easy to prepare ”in
practice“. This is related to the fact that the operator e−
βH
2 U(O)eβH2 is not a unitary. In
principle we can produce them by a quench, where we perturb the Hamiltonian by the state-
dependent operator O˜. Notice that in this context the use of state-dependent operators is
conventional: unlike the infalling observer who has finite lifetime and resources, the boundary
observer has unlimited resources. We could imagine a large number of systems prepared in
an identical microstate. We use these copies to perform several measurements until the exact
microstate is fully determined. Finally the specific operators O˜ relevant for this microstate
can be applied to one of the (previously un-measured) copies of the system25.
c) We emphasize once more that the states (5.8) definitely exist in the theory, if seen as
“autonomous states”. In other words, they are atypical states which undergo a spontaneous
deviation from equilibrium around the time t = t0.
d) We can also think of the states e−
βH
2 U(O)eβH2 |Ψ0〉 as being prepared by starting with a
Euclidean path integral to define the state. For example using the state-operator map in a
CFT we start with the operator dual to state |Ψ0〉 at the center of Rd, and then insert the
unitary U(O) on the Euclidean plane, as determined by the Euclidean displacement operators
e±
βH
2 . In this was we get the desired state on the unit circle.
e) We have discussed the non-equilibrium states of the form (5.8), as small perturbations of
typical states. Typical states are different from black holes formed by gravitational collapse.
The latter correspond to special, atypical states. In a collapsing black hole background,
excitations behind the horizon with some similarities to (5.8) can be created by sending
particles from the exterior as indicated in figure 5. These particles have to be dropped a little
after the time where the extrapolation of the horizon to the past intersects the boundary as
25We thank J. Maldacena for comments.
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Figure 5. Left: a non-equilibrium perturbation e−
βH
2 U(O)e βH2 |Ψ0〉 of a typical state |Ψ0〉. Right:
a somewhat similar perturbation (purple particle) for a young black hole formed by the collapse of a
shockwave emitted at t = 0. The perturbation is created by dropping the particle before the shockwave.
indicated in the figure. These infalling particles reach r = 0 and start moving outwards. They
go through the collapsing shell, and continue to move behind the horizon for a while until they
fall into the singularity. However, if we want to consider such right-moving particles behind
the horizon of the collapsing black hole at late times, we need to drop the particles with
initially transplanckian energy and thus effective field theory becomes unreliable. It would
be interesting to understand better how to interpolate between the two regimes of typical vs
collapsing black holes.
5.6 On the energy of the non-equilibrium states
It is interesting to compare the energy of the state
|Ψ〉 = c e−βH2 U(O)eβH2 |Ψ0〉 (5.22)
to that of |Ψ0〉. As we will see the operator e−
βH
2 U(O)eβH2 decreases the expectation value
of the energy, when acting on a typical state.
Before doing that, let us remind the reader that if we have a fixed unitary operator U
generated by the small algebra, then this operator will generally increase the energy of a
typical state. To see that we want to compute the energy of the state
U(O)|Ψ0〉
compared to that of the typical state |Ψ0〉. We have
δE = 〈Ψ0|U †HU |Ψ0〉 − 〈Ψ0|H|Ψ0〉
δE = 〈Ψ0|U †[H,U ]|Ψ0〉
Now since everything inside the correlator is an element of the small algebra, we can write
δE = Z−1Tr[e−βHU †[H,U ]] +O(1/S) = Z−1Tr[e−βHU †HU ]− Z−1Tr[e−βHH] +O(1/S)
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or
δE = Tr[UρβU
†H]− Tr[ρβH] +O(1/S) (5.23)
Ignoring the 1/S corrections, we can see that this expression is non-negative. The combination
Tr[UρβU
†H] − Tr[ρβH] is the change of the energy of a system in a thermal density matrix
ρβ. In that case it is impossible to lower the energy by acting on it with a unitary. One
way to see it is by using the positivity of the relative entropy. The state we get after acting
with the unitary is ρ′ = UρβU †. By considering the positivity of the relative entropy S(ρ′|ρβ)
and the fact that log(ρβ) = −βH, we find the inequality δE ≥ δSβ . However the two density
matrices ρ′, ρβ have the same von Neumann entropy, hence δS = 0, from which we find that
for states U(O)|Ψ0〉 we have
δE ≥ 0
Now let us repeat a similar argument for the state (5.22). We consider the difference of
the expectation value of the Hamiltonian on the two states
δE = 〈Ψ|H|Ψ〉 − 〈Ψ0|H|Ψ0〉
δE = |c|2〈Ψ0|V †HV |Ψ0〉 − 〈Ψ0|H|Ψ0〉
or
δE = |c|2〈Ψ0|V †[H,V ]|Ψ0〉+
[
|c|2〈Ψ0|V †V H|Ψ0〉 − 〈Ψ0|H|Ψ0〉
]
(5.24)
The second term is of order 1/S and we will concentrate on the first term. To see intuitively
why the bracketed term is subleading, consider the case where |Ψ0〉 has extremely highly
peaked energy, for instance an exact energy eigenstate. Then we have that H|Ψ0〉 = E0|Ψ0〉
and the term in the brackets is exactly zero, given how c was defined (5.11). In the more
general case where |Ψ0〉 has some spread in energy, provided that this spread is O(TS0) we
can still show that the term in the bracket is O(1/S), the details can be found in appendix
C. We thus continue keeping only the first term in (5.24) and approximate it by a thermal
correlator
δE = Z−1Tr[e−βHV †HV ]− Z−1Tr[e−βHV †V H] +O(S−1) (5.25)
or
δE = Z−1Tr[e−βHe
βH
2 U †e−
βH
2 He−
βH
2 Ue
βH
2 ]−Z−1Tr[e−βHeβH2 U †e−βH2 e−βH2 UeβH2 H]+O(S−1)
or
δE = Z−1Tr[e−βHH]− Z−1Tr[U †e−βHUH] +O(S−1)
this has the opposite form of (5.23), so for the states (5.22) we find
δE ≤ 0
which is what we wanted to demonstrate.
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Example
Consider U = eiθ(Oω+O
†
ω), where Oω =
∫
dteiωtO(t). The first order term in θ is
δE = iθ〈Ψ0|
[
Hˆ(e
βω
2 Oω + e−
βω
2 O†ω)
]
|Ψ0〉 − iθ〈Ψ0|
[
(e
βω
2 O†ω + e−
βω
2 Oω)Hˆ
]
|Ψ0〉+O(θ2)
where Hˆ = H − E0. These terms are suppressed at large S since the state |Ψ0〉 is an
equilibrium state, see for example (6.1),(6.2). Moving on to quadratic order in θ and dropping
some subleading terms we find
δE =θ2〈Ψ0|
[
eβωO†ωHˆOω + e−βωOωHˆO†ω −
1
2
Hˆ(OωO†ω +O†ωOω)−
1
2
(OωO†ω +O†ωOω)Hˆ
]
|Ψ0〉
We can also write this as
δE = θ2〈Ψ0|
[
eβωO†ωOω + e−βωOωO†ω −OωO†ω −O†ωOω
]
Hˆ|Ψ0〉
− θ2ω
[
eβω〈Ψ0|O†ωOω|Ψ0〉 − e−βω〈Ψ0|OωO†ω|Ψ0〉
]
(5.26)
After using the KMS condition we find up to quadratic order in θ and to leading order in 1/S
δE = −θ2ω(eβω − 1)〈Ψ0|O†ωOω|Ψ0〉 < 0
Hence acting with the operator e−
βH
2 U(O)eβH2 lowers the expectation value of the energy of
the state.
Notice that, had we done the same computation for the state |Ψ〉 = U(O)|Ψ0〉, we
would have found an equation like (5.26), but without the factors e±βω, which would imply
δE = θ2ω(eβω − 1)〈Ψ0|O†ωOω|Ψ0〉 > 0
Comments
While the operator e−
βH
2 U(O)eβH2 can decrease the energy of a typical state from the
microcanonical ensemble, it is not unitary so we can not directly physically “act with it” on a
system, for example by adding a coupling to the Hamiltonian which is the same for all typical
states. On the other hand, we can produce the state e−
βH
2 U(O)eβH2 |Ψ0〉 by the action of a
unitary on the equilibrium state |Ψ0〉 which, as we explained, has to be a state-dependent
operator U(O˜). This is a fine-tuned operator, selected to lower the energy of specifically the
state |Ψ0〉. This situation, is perhaps somewhat analogous to the discussion about Maxwell’s
demon.
We argued that for typical states of given energy, the operator e−
βH
2 U(O)eβH2 |Ψ0〉 maps
them to atypical states with lower expectation value of the energy. At first this might seem
to be in contradiction with the fact that in general there are fewer states at lower energies
than at higher energies26. The reason that there is no contradiction is that while the states
26We would like to thank D. Jafferis, S. Minwalla and E. Rabinovici for discussions about this point.
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e−
βH
2 U(O)eβH2 |Ψ0〉 have lower expectation value of the energy than the state |Ψ0〉, if we
look at their expansion in energy eigenstates we notice that they also have contributions from
eigenstates with energy larger than that of |Ψ0〉. In that sense they are using the larger Hilbert
space at higher energies. The prefactor e−
βH
2 suppresses the amplitude of these higher energy
contributions and enhances the low energy contributions, resulting in an overall lowering of
the expectation value of the energy.
Relatedly, it is useful to consider the case where we start with the microcanonical density
matrix ρm =
PE0
N and we consider the transformation V ρmV
†.27 Given that V is not unitary it
is not obvious that this is an admissible density matrix. However, let us define ρ′ = aV ρmV †
where a is a positive real number selected so that Tr[ρ′] = 1. It has the form a = 1 +O(1/S),
which follows from Tr[V ρmV
†] = Z−1Tr[ρβV †V ] + O(1/S) = 1 + O(1/S). So the matrix ρ′
has unit trace, it is also Hermitian and positive, hence it is an admissible density matrix.
Then we compute
δE ≡ Tr[ρ′H]− Tr[ρmH]
= aTr[ρmV
†[H,V ]] +
[
aTr[ρmV
†V H]− Tr[ρmH]
]
Assuming that the spread of the microcanonical is very small, the term in the brackets is
approximately zero. Hence we find
δE = aTr[ρmV
†[H,V ]]
Using that a = 1 + O(1/S) and approximating this expression with the canonical ensemble
we have
δE = Tr[ρβV
†[H,V ]] +O(1/S)
Repeating the steps as in (5.25) we find
δE = Z−1Tr[e−βHH]− Z−1Tr[U †e−βHUH] +O(S−1)
which, as we explained above, generally obeys
δE ≤ 0
6 Statistical aspects of non-equilibrium states
Here we discuss some statistical aspects of the non-equilibrium states (1.1). The main points
are the following. In equilibrium states correlators of observables are time-independent be-
cause of cancellations between random phases (4.6). In standard non-equilibrium states of
the form U(O)|Ψ0〉 the phases are atypical and correlated, which leads to time-dependent
27Notice that the canonical density matrix would formally be invariant, given that
(e−
βH
2 Ue
βH
2 )e−βH(e
βH
2 U†e−
βH
2 ) = e−βH , but we would have to be careful about the convergence of
the operator e
βH
2 when it is acting on states with non-compact support in energy, as those relevant for the
canonical ensemble. We thank J. Maldacena for related discussions.
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signals for simple operators. In the non-equilibrium states of the form e−
βH
2 U(O)eβH2 |Ψ0〉
the phases are as correlated as in the states U(O)|Ψ0〉, however the insertion of the factors
e±
βH
2 modulates the amplitude from each energy bin, enhancing lower energies and suppress-
ing higher energies. As a result there are cancellations between different energy bins, which
are guaranteed by the KMS condition of the corresponding equilibrium state |Ψ0〉, leading to
time-independent correlators for the small algebra A. Inserting factors of H in the correlator
spoils these cancellations between different energy bins and reveals that the state is out of
equilibrium.
This characterizes the qualitative property of the states (1.1): they are atypical states
where different energy bins are out of equilibrium, but when added together these bins conspire
to disguise the state as an equilibrium state.
6.1 Equilibrium states
We consider a typical pure state |Ψ0〉 from the microcanonical ensemble, taking the energy
spread to be highly peaked. In what follows we will assume that ω 6= 0 and ω scales with
entropy like S0. We expand the state as
|Ψ0〉 =
∑
i
ci|Ei〉
where the coefficients ci are random and of typical size e
−S/2. We consider some observable
A from the small algebra A and define its Fourier transform Aω =
∫
dteiωtA(t). From (4.5)
we have
(Aω)ij = e
−S/2g(E,ω)Rij
where g(E,ω) is a smooth real positive function of size O(1) and Rij erratic phases. Here we
use the notation E = Ei and ω = Ej − Ei. Hence28
〈Ψ0|Aω|Ψ0〉 =
∑
ij
c∗i cjRije
−S/2g(E,ω) = O(e−S/2) (6.1)
The smallness of this result is guaranteed by the random phases, and because of that it
is quite robust. For example, it continues to be true when we include factors of H in the
correlator
〈Ψ0|AωH|Ψ0〉 = O(e−S/2) (6.2)
The phases of the state H|Ψ0〉 are the same as in |Ψ0〉, hence we have the same e−S/2
suppression due to the erratic phases despite the fact that the operator H scales like S.
Notice that a naive approximation of this correlator via the canonical density matrix would
give a less satisfying result
〈Ψ0|AωH|Ψ0〉 = 0 +O(S−1) (6.3)
28Since in general we assume that the energy gaps are non-degenerate (A.1), one should smear the observables
a bit in frequency space Aω →
∫ ω+δω
ω−δω dωAω, so that a large number of pairs of energies Ei, Ej will click. See
[7] for more details.
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where we used Z−1Tr[e−βHAωH] = 0 for ω 6= 0 and the fact that generally correlators on
ρβ and on typical states differ by 1/S, (4.1) and (4.3) . The estimate (6.2) shows that the
correlator has to be exponentially small, rather than just power-law suppressed as in (6.3).
We remind the reader why not every expectation value on a typical state is exponentially
small due to the random phases. For example we consider
〈Ψ0|A†ωAω|Ψ0〉 =
∑
ijk
c∗i ckg
2(E,ω)R†ijRjke
−S
=
∑
ij,k=i
|ci|2g2(E,ω)|Rij |2e−S +O(e−S/2) = O(1)
where in the first “diagonal term” we used that |Rij |2 = 1 and we are summing over e2S
terms, each of which has typical size e−2S but now there are no erratic phases. Of course this
is not in contradiction with our criterion for equilibrium, as the operator A†ωAω has effectively
zero frequency. It simply implies that in the correlator 〈Ψ0|A(t + t1)A(t)|Ψ0〉 there may be
significant t1 dependence, even if the dependence on t is exponentially small.
6.2 Standard non-equilibrium states
We now consider an ordinary non-equilibrium state of the form |Ψ〉 = U(O)|Ψ0〉. In this and
the next subsection we assume that the energy spread δE of the underlying equilibrium state
|Ψ0〉 is very small. We expand it as
|Ψ〉 =
∑
i
di|Ei〉 (6.4)
In this case we expect that there are observables for which 〈Ψ|A(t)|Ψ〉 is time dependent, or
equivalently that 〈Ψ|Aω|Ψ〉 6= 0 even if ω 6= 0. Using the matrix elements (4.5) we have
〈Ψ|Aω|Ψ〉 =
∑
ij
d∗i djRijg(E,ω)e
−S/2 (6.5)
If the coefficients di were uncorrelated to the phases Rij this expectation value would be
O(e−S/2). The fact that it is O(1) means that the di’s are correlated with Rij . This is not
surprising, since the unitary U(O) used to excite the state may be made out of the same
operator O as the one used to detect the excitation. For example we can see this in equation
(5.7). Moreover let us notice that under time evolution the coefficients evolve as di → e−iEitdi
hence the phases decohere and the state equilibrates again.
We now consider the spectrum of the theory and we divide it into small energy bins of
width δEbin. Here we take δEbin = pS
0T , where p 1. Hence δEbin is much larger than the
typical energy gap e−ST and the energy bin (Ea, Ea + δEbin) contains an exponentially large
number of microstates. At the same time the number of bins (the possible values of the index
a) required to represent the states |Ψ〉, |Ψ0〉 scales like S0, since we assumed that the spread
|Ψ0〉 is very small and that the unitary U changes the energy by an amount which scales like
S0.
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Now, we define projection operators PEa for each of these energy bins and we expand the
non-equilibrium state |Ψ〉 = U(O)|Ψ0〉 as
|Ψ〉 =
∑
a
PEa |Ψ〉 =
∑
a
|Ψ〉a
where |Ψ〉a is the component of the state |Ψ〉 lying within the energy bin (Ea, Ea + δEbin).
We consider the expectation value of Aω on the non-equilibrium state |Ψ〉 in the form
〈Ψ|Aω|Ψ〉 =
∑
a
qω(Ea)
where we defined
qω(Ea) ≡ 〈Ψ|AωPEa |Ψ〉 = 〈Ψ0|U †AωPEaU |Ψ0〉 (6.6)
as the contribution from each energy bin to the correlator. Expanding in energy eigenstates
we have
qω(Ea) =
′∑
i,j
d∗i djg(E,ω)Rije
−S/2 (6.7)
where the prime in the sum means that we only sum over energy eigenstates which survive
the projection to the bin imposed by PEa . The sum over j is directly constrained by the
projector in (6.6), while the sum over i is constrained by the projector and by the shift of the
energy induced by Aω.
According to the ETH we would be tempted to say qω(Ea) ∼ O(e−S/2), however for a
non-equilibrium state the phases di are correlated with Rij . In fact, as we discussed above,
the RHS of (6.5) is nonzero and O(S0) in a non-equilibrium state. Given that we assumed
that the number of bins does not scale like S, it is reasonable to assume that the contribution
of each bin scales like qω(E) = O(S
0) and is generally non-zero.
Since we get a signal of O(S0) from each bin, in some sense each of the energy bins is
”out of equilibrium” and when we consider the entire state |Ψ〉 they all contribute to the
correlator and give a nonzero result.
6.3 The “interior” non-equilibrium states
We denote the equilibrium state as |Ψ0〉, the standard non-equilibrium states (5.6) as |Ψ〉 =
U(O))|Ψ0〉, and the state (5.8) as |Ψ′〉 = e−
βH
2 U(O)eβH2 |Ψ0〉. If the state |Ψ0〉 has highly
peaked energy around E0 (which we assume), then to leading order we can also write |Ψ′〉 =
e−
β(H−E0)
2 U(O)|Ψ0〉, which implies that |Ψ′〉 = e−
β(H−E0)
2 |Ψ〉. If we expand this state as
|Ψ′〉 =
∑
i
d˜i|Ei〉
and we compare to (6.4), we notice that d˜i = e
−β(Ei−E0)
2 di. This means that the phases
of d˜i are the same as di and only the magnitudes are modified by the energy dependent
factor e−
β(E−E0)
2 . The fact that both di’s and d˜i’s correspond to an almost unit-normalized
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state was discussed in (5.9). We found before that for a non-equilibrium state we have
〈Ψ|Aω|Ψ〉 = O(1) because the phases of di are correlated with the phases Rij in the matrix
elements of Aω. On the other hand we found in (5.12) that correlators of the algebra A on
the state |Ψ′〉 = e−βH2 U(O)eβH2 |Ψ0〉 are almost the same as thermal correlators, which implies
that for ω 6= 0 we have 〈Ψ′|Aω|Ψ′〉 = 0. This happens even though the phases of d˜i are as
correlated to Rij as those of di.
To see how this is possible we consider the contribution to the correlator on the state
|Ψ′〉 from different energy bins and we find
〈Ψ′|Aω|Ψ′〉 =
∑
a
〈Ψ|e−β(H−E0)2 Aω PEa e−
β(H−E0)
2 |Ψ〉
=
∑
a
e−β(Ea−E0−
ω
2
)〈Ψ|AωPEa |Ψ〉
or all in all
〈Ψ′|Aω|Ψ′〉 = e
βω
2
∑
a
e−β(Ea−E0)qω(Ea) = 0
for the same qω(Ea) as those defined in (6.7). While the sum is equal to zero, as guaranteed
by (5.12), each of the qω(E) is generally nonzero and of O(S
0) as we saw in (6.7).
So we conclude that in the states of the form (5.8), each of the microscopic energy bins is
”out of equilibrium” but when we consider the contributions from all bins in the state we get
cancellations between them which make the state look like an equilibrium state. Inserting a
factor of H (or another function of PE) in the correlator spoils these cancellations and in this
way we can see the time-dependence as in (5.16).
To see these cancellations in an example, suppose we consider the operator Aω = Oω and
the state
U = e−
βH
2 eiθ(Oω+O
†
ω)e
βH
2 |Ψ0〉
and expand to linear order in θ. We find
qω(E) = 〈Ψ0|OωPE |Ψ0〉+ iθ
[
〈Ψ0|OωPE(Oω +O†ω)|Ψ0〉 − 〈Ψ0|(Oω +O†ω)OωPE |Ψ0〉
]
The first term is zero, so we find
qω(E) = iθ
[
〈Ψ0|OωPEO†ω|Ψ0〉 − 〈Ψ0|O†ωOωPE |Ψ0〉
]
Approximating the division over energy bins by a continuous distribution and using the KMS
condition
qω(E) = iθ〈Ψ0|O†ωOω|Ψ0〉
[
eβωδ(E − E0 − ω)− δ(E − E0)
]
Computing the expectation value of Oω on the state |Ψ〉 = U |Ψ0〉 we find
〈Ψ|Oω|Ψ〉 =
∫
dEq(E) = iθ〈Ψ0|O†ωOω|Ψ0〉(eβω − 1)
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On the other hand for the state |Ψ′〉 = e−βH2 UeβH2 |Ψ0〉 we find
〈Ψ′|Oω|Ψ′〉 =
∫
dEe−β(E−E0)qω(E) = iθ〈Ψ0|O†ωOω|Ψ0〉(e−βω × eβω − 1) = 0
which is what we expected. We emphasize that this cancellation worked out because of the
KMS condition of the underlying equilibrium state.
7 Discussion
We considered a class of non-equilibrium states, which are generally present in any quantum
system. Independent of the discussion about the black hole interior, these states represent a
mathematically canonical class of non-equilibrium states. It would be interesting to explore
further what is their role in the process of thermalization of a system in a pure state.
In AdS/CFT, and if we accept that the black hole interior is smooth for typical states,
these non-equilibrium states describe black holes with excitations behind the horizon. The
existence of these states in the CFT is an indication in favor of the smoothness of the inte-
rior. However, it is not a proof by itself, since in order to verify how the infalling observer
experiences the states we need to construct operators behind the horizon. The proposal of
[5, 6, 7, 8, 9], when applied to these states, reproduces the spacetime diagram of figure 1.
In this paper we only discussed states where the perturbation by the unitary U changes
the energy by order O(N0), which means that backreaction to the classical geometry is
negligible. It would be interesting to understand how these states start to behave once they
become heavy enough to backreact on the geometry.
In this paper we considered excitations of pure states |Ψ0〉 corresponding to the micro-
canonical ensemble with small energy width. It would be interesting to investigate excitations
of more general states.
Acknowledgments
I would like to thank C. Bachas, S. Banerjee, J. Barbon, R. van Breukelen, J.W. Bryan, I.
Bena, J. de Boer, M. Floratos, M. Guica, D. Harlow, D. Jafferis, E. Kiritsis, J. Maldacena,
D. Marolf, S. Minwalla, L. Motl, J. Penedones, J. Polchinski, E. Rabinovici, K. Skenderis,
D. Turton, E. Verlinde, G. Vos and S. Zhiboedov for discussions over the last few years. I
especially thank S. Raju for discussions and collaboration on related topics, and J. Barbon
and E. Rabinovici for comments on the draft. I am especially grateful to J. Maldacena for
correspondence and comments on the draft. I would like to thank ENS, Paris and IHES for
hospitality during completion of this work and the Royal Netherlands Academy of Sciences
(KNAW).
– 41 –
A Time dependence, equilibrium states, spontaneous fluctuations
This is a more expanded version of the discussion in section 4. This appendix contains mainly
well known results.
In order to study the time-dependence and equilibration of a quantum statistical system
we will make some assumptions about the spectrum and the observables. Regarding the
spectrum, we consider a closed, bounded quantum system with a discrete energy spectrum
Ei. We will assume that the energy eigenvalues Ei are non-degenerate, the energy gaps Ei−Ej
are non-degenerate and more generally that for any finite number m of energy eigenvalues
Ei, any linear combination with integer coefficients ni obeys
m∑
i=1
niEi = 0 ⇔ ni = 0 (A.1)
In practice, this does not need to be true for all states. For example spacetime and global
symmetries imply that there must be degeneracies, or that the energy gaps may be degenerate.
However these degeneracies relate a small number of states relative to the total number of
states at a given energy range, and this does not affect the main conclusions significantly.
While QFTs have infinite-dimensional Hilbert spaces, for most questions we want to study,
only a finite number of states play an important role.
Even though we consider systems with fundamentally discrete spectrum, in many cases
the density of states is so high that we can approximate it by a continuous spectrum. For
example, a large N gauge theory defined on a compact spatial manifold has discrete spectrum.
However, in the high-temperature phase and in the ’t Hooft large N limit we find that
the density of states scales like βes(β)N
2
where s(β) is some N -independent function of the
temperature, or the energy gap between energy eigenstates is of the order β−1e−s(β)N2 . Thus
in the large N limit the spectrum becomes almost continuous, which is important in order
to reproduce expected properties of thermalization dual to black hole behavior in AdS/CFT
[35].
Moving to the observables, we consider a class which we think of as “simple” or “coarse-
grained observables”. They have the following properties: any Hermitian observable can be
written in a spectral decomposition
A =
∑
i
aiPi
where ai are the eigenvalues of A and Pi is a projector on the eigenspace of eigenvalue ai. We
will consider observables where the number of different eigenvalues is parametrically smaller
than the dimensionality of the Hilbert space N = eS . This means that each of the projectors
has dimensionality which is comparable to N .
The second assumption about the observables is that the subspaces Pi are ”randomly-
oriented“ with respect to the energy eigenstates. This is related to the Eigenstate Thermal-
ization Hypothesis (ETH) [20, 21], which postulates that the matrix elements of observables
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on energy eigenstates have the following structure
〈Ei|A|Ej〉 = f(Ei)δij +Rije−S/2g(Ei, Ej) (A.2)
where the functions f, g are smooth functions of the energy and of magnitude O(S0), while
Rij are complex coefficients with magnitude of O(1) and erratic phase. We will assume that
the observables we consider obey (A.2).
Finally, we want to remind how we compare different quantum states. For two unit-
normalized pure states, we can consider their inner product
|〈Ψ|Ψ′〉| =
√
1− 2 (A.3)
where 0 ≤  ≤ 1. As  → 0 the two states start to look the same. More specifically, for
any bounded operator A the difference of the expectation value of A on these two states is
bounded by the operator norm of A and the distance between the states characterized via
(A.3), by the equation
|〈Ψ|A|Ψ〉 − 〈Ψ′|A|Ψ′〉| ≤ ||A||  (A.4)
This also applies to projectors, which have norm ||P|| = 1, and in particular it implies that if
two state-vectors are close enough in the Hilbert space norm, then the prediction of quantum
probabilities on the two states given by the Born rule will also be close.
A.1 Comments on time dependence in quantum mechanics
The time evolution of a state in the Schroedinger picture is given by
|Ψ(t)〉 =
∑
i
cie
−iEit|Ei〉 (A.5)
Assuming that the spectrum is chaotic, in the sense of (A.1), time evolution randomizes the
phases but the distribution of the magnitudes |ci| remains constant throughout the history
of the state. So if we start with a state with some unusual pattern in the distribution of
magnitudes of |ci|, this pattern will be preserved in time.
To partly characterize the distribution of magnitudes |ci| in the superposition describing
a pure state we define
E ≡ 〈Ψ|H|Ψ〉
and
(∆E)2 ≡ 〈Ψ|H2|Ψ〉 − 〈Ψ|H|Ψ〉2 (A.6)
Given the form of time evolution (A.5) these two quantities remain constant throughout the
history of a quantum state.
We now want to study the time-evolution of observables
〈A(t)〉 = 〈Ψ(t)|A|Ψ(t)〉
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Notice that A may be a product of several operators, which can even be displaced in time.
In that case t represents the overall time-shift of the product of operators making up A.
If we want the observables to have nontrivial time dependence on a state, then the
energy spread (A.6) must be large enough. For example, in an exact energy eigenstate we
have ∆E = 0 and the expectation values of all observables are exactly time-independent.
More generally, if we consider the variance of the observable ∆A2 ≡ 〈Ψ|A2|Ψ〉 − 〈Ψ|A|Ψ〉2
then we have
1
2
∣∣∣∣d〈A〉dt
∣∣∣∣ ≤ ∆A∆E (A.7)
This basic inequality shows that if we want to consider states with interesting time-dependence,
then they must include a relatively broad range of energy eigenstates in the superposition
defining the state |Ψ〉 = ∑i ci|Ei〉. For instance, suppose we have a big black hole in AdS and
a particle falling towards the horizon. This state has the property that single-trace correla-
tors have time-dependence over a time scale which is of the order of the inverse temperature,
which means that d〈A〉dt scales like N
0. Also for such single trace operators (appropriately
smeared to avoid UV divergences) we have ∆A = O(N0). Hence such a state must have at
least ∆E = O(TN0).
Conversely, if we take a state where ∆E is parametrically smaller, for example if it scales
like some positive power of 1/N , then by (A.7) it is guaranteed that we will not get time-
dependent signals in single trace operators29 with magnitude of O(1), even if we wait an
exponentially long time.
The inequality (A.7) is also relevant for the following point: sometimes it is stated that
in AdS/CFT we can produce a black hole in the microcanonical ensemble (with small energy
spread) by collapsing a shell of matter with that energy. Then (A.7) demonstrates that this is
impossible: in a collapsing shell geometry even the 1-point functions (for example of HKLL-
like operators) have non-trivial time dependence over time scales of order N0. These 1-point
functions correspond to classical vevs30 for which ∆A ∼ O(1/N). Thus in order to have
nontrivial time dependence we need ∆E ∼ O(N) and it is impossible to form a black hole
whose energy spread is small enough for the state to belong to the microcanonical ensemble.
Recurrences
A pure state in a finite quantum system undergoes Poincare recurrences. This means
that the system will look like the initial state |Ψ〉 an infinite number of times. We can study
this either in terms of correlators, or in terms of the proximity of the state |Ψ(t)〉 to |Ψ(0)〉.
For example, consider the inner product
h(t) ≡ 〈Ψ(0)|Ψ(t)〉 =
∑
i
|ci|2e−iEit
29Here we refer to the expectation value of a given operator A, which itself may be a product of various
local operators separated in time, for instance applying (A.7) to A = eiHt1O(0)e−iHt1O(0) would only bound
the dependence on t and not on t1.
30This is in conventions where the 1-point functions of single trace operators on a semiclassical bulk solution
are of order N0.
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Here we can assume that the sum over i is finite, over eS states31. We have h(0) = 1. As t
increases h(t) decreases down to a size of order e−S/2, around which it continuous to fluctuate.
At time scales of order ee
S
there will be moments when h(t) ≈ 1. At those moments the states
|Ψ〉 and |Ψ(t)〉 will look almost the same for most observables (A.4). Hence the system comes
back to itself.
For an energy eigenstate there is no recurrence, or equivalently the recurrence time is
zero. For small energy spread ∆E we do not have interesting Poincare recurrences, since
equation (A.7) implies that all reasonable observables look almost static — though it would
be interesting to explore whether there are any interesting ”slow observables“ to consider.
For discussions about recurrences in the context of black holes in AdS/CFT see [36].
A.2 Ensembles and typical pure states
When studying an isolated system in a pure state, it is useful to define the notion of a typical
pure state. This requires the definition of an ”ensemble“ of pure states, with some particular
probability measure defined for them.
One ensemble is the microcanonical ensemble. We specify an energy E0 and a spread
of energy δE. We consider all energy eigenstates |Ei〉 contained in this energy window. We
assume that the spectrum is discrete, so there is a finite number N = eS of energy eigenstates
in that window. We write down the most general superposition of those eigenstates
|Ψ〉 =
∑
i
ci|Ei〉 (A.8)
The coefficients must satisfy
∑
i |ci|2 = 1. So every pure state-vector is related to a point
on the S2N−1 sphere — the fact that physical states are rays is not important here. The
microcanonical measure dµ is defined by assigning a probability distribution on the sphere
which is proportional to the volume element of the round sphere. It is equivalent to starting
with one particular state on this space, and defining a measure by acting on it with all possible
unitaries selected with the U(N ) Haar measure.
Using this microcanonical measure we can define averages over all possible pure states of
the form (A.8). For example, we define
〈Ψ|A|Ψ〉 ≡
∫
dµ〈Ψ|A|Ψ〉
Whenever we make a statement about a typical state, we mean that the statement is true for
the largest volume of pure states on this sphere.
There is also a corresponding mixed state
ρm ≡ PE0N (A.9)
31Even if the state |Ψ(0)〉 is a superposition of an infinite number of energy eigenstates, if the state is
unit-normalized then we can truncate the sum to a finite superposition without affecting the magnitude of the
inner product significantly.
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where PE0 is the projector on the Hilbert subspace spanned by eigenstates in the given window
of energies.
Now, consider an observable A. It is useful to consider how much the expectation value of
A varies among the different pure states (A.8) and how much it differs from the corresponding
expectation value on the mixed state (A.9). It is easy to show that
〈Ψ|A|Ψ〉 = Tr[ρmA]
Moreover we can compute the variance over different pure states from the microcanonical
ensemble. For simplicity we take A to be Hermitian. We have
(〈Ψ|A|Ψ〉 − Tr[ρmA])2 = 1
eS + 1
(
Tr[ρmAPE0A]− Tr[ρmA]2
)
(A.10)
which implies
(〈Ψ|A|Ψ〉 − Tr[ρmA])2 ≤ 1
eS + 1
(
Tr[ρmA
2]− Tr[ρmA]2
)
This fundamental result has been discussed in various places [37, 13]. Notice that equation
(A.10) is an identity, which does not depend on the complexity of the observable A or on the
Hamiltonian of the system we are considering.
If we work with operators A whose operator norm is bounded and of O(S0), then we
notice that the RHS of (A.10) is exponentially suppressed in the entropy. For instance, if
we probe the state by using projectors which have ||P|| = 1, then the variance is always
exponentially suppressed. From (A.10) it is clear that if we want to identify whether the
system is in a particular microstate, then we need to measure an observable which is fine-tuned
relative to the state that we want to detect. For instance, we could use the projector |Ψ〉〈Ψ|
corresponding to the state in question. Conversely, reasonable coarse-grained observables
cannot effectively distinguish among different pure states, or between pure states and the
microcanonical mixed state (A.9). For such observables and for typical states of the form
(A.8) we have
〈Ψ|A|Ψ〉 = Tr[ρmA] +O(e−S/2)
In the case of the microcanonical ensemble there is a clear connection between the maxi-
mally mixed density matrix ρm and the probability measure dµ on the set of pure states that
we defined above. One may ask whether there are other interesting probability measures for
pure states. For example, we can ask if there is a measure that can be defined on pure states,
with the property that typical pure states with respect to that measure give correlators which
are exponentially close to those in the mixed state ρβ ≡ e−βHZ . For the purpose of studying
equilibration we want to find measures which are invariant under time evolution (A.5). An
extreme choice would be to consider an ensemble of pure states which are superpositions of
all energy eigenstates, with fixed magnitudes of the coefficients ci to be |ci|2 = e−βEiZ and
allow the phases to vary, assigning uniform probability to each phase. It would however be
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more natural to allow the magnitudes of the coefficients to vary as well. We will not address
this question further in this paper, but for some related discussions see [9].
A.3 Equilibrium states
We now want to define the notion of an equilibrium pure state. As we discussed in section 4
the two conditions we will require are: i) that correlators of observables on the state are time-
independent and ii) that their values are close to the thermal correlators on ρβ, or equivalently
up to 1/S corrections, to microcanonical correlators on ρm.
32
However, when we consider pure states then generally correlators of operators cannot be
exactly time independent, unless the pure state is an energy eigenstate. Energy eigenstates
are exactly static, and moreover the ETH (A.2) implies that correlators on energy eigenstates
give the same values (up to 1/S corrections) to thermal correlators33. Hence an energy
eigenstate can be classified as a special case of an equilibrium state.
For pure states with nonzero energy spread δE, the observables will have non-trivial time
dependence. It is useful to consider the long-time average [21], defined by
At ≡ lim
T→∞
1
T
∫ T
0
dt〈Ψ(t)|A|Ψ(t)〉 = lim
T→∞
1
T
∫ T
0
dt
∑
ij
c∗jciAjie
−i(Ei−Ej)t
=
∑
i
|ci|2Aii = Tr[ρΨA]
where we used the assumption (A.1) and we defined
ρΨ ≡
∑
i
|ci|2|Ei〉〈Ei| (A.11)
The density matrix (A.11) characterizes the long-time equilibrium mixed state corre-
sponding to the pure state |Ψ〉. We also consider the fluctuations of the expectation value of
the observable around the long time average. We find
(At −At)2 = lim
T→∞
1
T
∫ T
0
dt(〈A〉t −At)2 =
∑
i 6=j
|ci|2|cj |2|〈i|A|j〉|2 (A.12)
If most of the coefficients ci within the energy band δE are approximately equal then |ci|2 ∼
O(e−S). Also according to the ETH the matrix element |〈i|A|j〉| is of order O(e−S/2) if i 6= j,
and we are summing over e2S terms. Putting everything together the RHS of (A.12) is of
order e−S . This shows that for the vast majority of time the pure state |Ψ(t)〉 looks like the
long-time average equilibrium state (A.11), which is indeed time-independent. Also, from the
32The second condition is useful in order to exclude certain states, for example consider the state |Ψ〉 =
1√
2
(|E1〉 + |E2〉), where |E1,2〉 are two energy eigenstates with widely different energy. According to the
ETH (A.2) correlators on |Ψ〉 are approximately time-independent, but far from those of the canonical, or
microcanonical ensembles.
33This statement is true for ”most“ energy eigenstates.
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ETH, if we assume that the function f in (A.2) is slowly varying, then correlators on ρΨ are
almost the same as thermal correlators. Hence for most time a pure state will look like an
equilibrium state.
We can also see that pure states appear to be time-independent for most of the time as
follows. Using the expansion (A.2), for any state we have
〈A〉 =
∑
i
|ci|2f(Ei) +
∑
i 6=j
e−i(Ej−Ei)tc∗i cjRije
−S/2g(Ei, Ej) (A.13)
and for the time derivative
d〈A〉
dt
= −i
∑
ij
(Ej − Ei)e−i(Ej−Ei)tc∗i cjRije−S/2g(Ei, Ej)
For typical pure states, as defined in the previous subsection, the phases of the coefficients ci
are randomly distributed, and in particular they are uncorrelated with the erratic phases Rij
of the matrix element Aij . Hence the RHS of this expression is of order e
−S/2, which shows
that observables are almost time-independent on typical states.
Above we argued that the variance of the expectation value of A around the long-time
equilibrium value At is exponentially small in the entropy. Of course at any given moment
in time, we may have significant quantum/thermal variance regarding the outcomes of a
measurement of the observable A. This quantum variance at time t is controlled by the
quantity 〈Ψ(t)|A2|Ψ(t)〉 − 〈Ψ(t)|A|Ψ(t)〉2, which is different from the long-time variance of
the expectation value (A.12).
Relatedly, in the main text we discussed spontaneous fluctuations of pure states, due
to ”resonances“ of the time-dependent off-diagonal phase factors in (A.13). We emphasize
that these spontaneous fluctuations of pure states have to be distinguished from the fact
that observables have nontrivial quantum/thermal variance. For example, in the thermal
density matrix ρβ = Z
−1e−βH , observables generally have a nonzero variance, which means
that the outcomes of various measurements follow a probability distribution which allows
certain unlikely outcomes to happen with nonzero, but small probability. The spontaneous
fluctuations that we are considering are not of this type. When a pure state undergoes a
spontaneous fluctuation due to the resonance between the phase factors e−i(Ej−Ei)tc∗i cj and
Rij , what happens is that the expectation values of observables deviate from the equilibrium
values, i.e. the probability distribution for various outcomes is modified relative to that in
the thermal ensemble.
Finally let us remind the reader that one has to be careful when considering the set of all
equilibrium states. The first point is that, as explained above, whether a state is equilibrium
or not may depend on the time that we probe it. So we should be talking about the set
of equilibrium states at a given time range. The second point is that the set of equilibrium
states does not form a vector space. For example, according to our previous definitions, energy
eigenstates are equilibrium states, but clearly by superimposing them we can get arbitrary
non-equilibrium states. Conversely, by superimposing a large number of non-equilibrium
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states we can produce an equilibrium state. While the notion of equilibrium is not preserved
under arbitrary linear combinations, it is generally preserved under the superposition of a
small number of states. More details about this point can be found in [9].
B On the domain of complexified boosts
We consider the Lorentz boost generator M on the t-x1 plane, which also corresponds to
time-translations in Rindler time. We want to understand that states of the form AR|0〉 are
in the domain of the complexified boost e−sM for 0 ≤ s ≤ pi. In general, states of the form
AL|0〉 are not in the same domain, but rather in the domain of complexified boosts with
−pi ≤ s ≤ 0. Consider a local scalar operator O(x) and the smeared operator
O(f) ≡
∫
ddxf(x)O(x)
where f is smooth and has support on the right wedge. We assume that we have specified a
prescription of the smeared operator which leads to a normalizable Lorentzian state
|Ψ〉 = O(f)|0〉
This state is in the domain of the real Lorentz boost eiτM for all τ . We want to complexify
τ . In general we have
eiτM |Ψ〉 =
∫
ddxf(x)eiτMO(x)|0〉 =
∫
ddxf(x)eiτMeiPµx
µO(0)e−iPµxµ |0〉
Now we complexify τ → is with s ∈ R and use the Poincare algebra to write
e−sMeiPµx
µ
= ei cos sPµx
µ
exp[− sin s(Hx1 − P1t)]e−sM
so
e−sM |Ψ〉 =
∫
ddxf(x)ei cos sPµx
µ
exp[− sin s(Hx1 − P1t)]e−sMO(0)e−iPµxµ |0〉 =
=
∫
ddxf(x)ei cos sPµx
µ
exp[− sin s(Hx1 − P1t)]O(0)|0〉 (B.1)
To get the last line we used [M,O(0)] = 0 and M |0〉 = Pµ|0〉 = 0.
We see that if the point x is in the wedge R, which implies 0 < x1 < |t|, and if we use
the spectrum condition H ≥ |P1| for all states, then we have exponential damping in (B.1)
for 0 < s < pi and the state |Ψ〉 is in the domain of the operator e−sM . Similar results can
be derived for states with several insertions of operators in the right wedge [30].
It is useful to give another heuristic perspective to this result by returning to the example
of free field theory in Rindler space. The operator
e−sM = exp
[
−s
∫ ∞
0
dω ω
(
a†ωaω − a˜†ωa˜ω
)]
(B.2)
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looks like a thermal Boltzmann factor at inverse temperature s, where the oscillators in wedge
R have positive frequencies, but those in wedge L have negative frequencies. So in general
exciting the left oscillators in a state |Ψ〉 will lead to exponential growth of the norm of
e−sM |Ψ〉.
At first one might think that operators on the right wedge will simply change the occu-
pation level of the right oscillators and since they have positive energy according to (B.2) this
would lead to a convergent result. This would imply that any state AR|0〉 should be in the
domain of the operator (B.2) for any s > 0. However, we notice that even in the vacuum |0〉
both left and right oscillators are excited (3.6), but the contributions from the two sides to
(B.2) cancel. Now, when acting with operators on the right wedge, we can not only increase
the expectation value of a†ωaω, but we can also decrease it, for example by acting with the
annihilation operator aω — we remind that due to the thermal occupation (3.6) this does not
annihilate the state |0〉. When we lower the right oscillators, the cancellation with the left
oscillators in (B.2) does not happen, so effectively we get an increase in the exponent. If this
happens for too many modes the state may no longer lie in the domain of the operator (B.2)
and this is what leads to the condition 0 ≤ s ≤ pi.
To see this in more detail, any operator AR in the right wedge can be expanded in terms
of aω, a
†
ω. We consider a state of the form |Ψ〉 = AR|0〉 and then consider the norm of the
vector e−sM |Ψ〉, which is
〈0|A†Re−2sMAR|0〉
The operator AR will excite the modes a
† on the right, however this leads to suppression
(B.2). It will also decrease the occupation level of the right modes, effectively leading to
enhancement since it leaves the thermally populated modes on the left without complete
cancellation. However, we notice that as long as s < pi the thermal suppression of (3.6) will
win over the enhancement coming from the factor e−2sM . For the case s = pi we may need
to be more careful, but the result is settled by [30].
C Some estimates
Consider a typical pure state |Ψ〉 = ∑i ci|Ei〉 from the microcanonical ensemble centered
around energy E and with energy spread δE. We assume that the specific state |Ψ〉 has
〈Ψ|H|Ψ〉 = E0. Of course the expectation value E0 is close to E, but there may be some
difference due to the spread δE . Consider the expectation value
〈Ψ|AHˆ|Ψ〉 (C.1)
where Hˆ = H−E0. For simplicity we assume that A is Hermitian. If the state |Ψ〉 had exact
energy E0 then we would have Hˆ|Ψ〉 = 0 and (C.1) would be exactly zero. However |Ψ〉 has
some spread in energy so we expect Hˆ|Ψ〉 to be small but nonzero. We want to estimate the
size of (C.1) for operators A which belong to the small algebra A.
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We use the ETH (A.2) to write
〈Ψ|AHˆ|Ψ〉 =
∑
i
|ci|2f(Ei)(Ei − E0) +
∑
i,j
c∗i cje
−S/2Rijg(Ei, Ej)(Ej − E0)
The second term is exponentially small due to cancellations between the random phases ci.
Hence we concentrate on the first term
〈Ψ|AHˆ|Ψ〉 =
∑
i
|ci|2f(Ei)(Ei − E0) +O(e−S/2) (C.2)
From the ETH we expect that f will be a smooth function of the energy E. Moreover, in
relevant examples, such as the big AdS black hole, observables in the small algebra A have
the property that at large S their thermal expectation values in terms of the temperature is
S independent34, see for example (5.20). This implies that if we consider
df
dE
=
df
dβ
dβ
dE
the first factor on the RHS is O(S0) while the second factor if O(1/S). Hence all in all we
find
df
dE
= O(1/S) (C.3)
Going back to (C.2), we expand f around the energy E corresponding to the microcanonical
ensemble
〈Ψ|AHˆ|Ψ〉 =
∑
i
|ci|2
[
f(E) +
df
dE
(Ei − E) + ...
]
(Ei − E0) +O(e−S/2)
and using (C.3) and the fact that we selected the spread of the microcanonical δE to be at
most of O(TS0), we have
〈Ψ|AHˆ|Ψ〉 = f(E)
∑
i
|ci|2(Ei − E) +O(1/S)
which implies
|〈Ψ|AHˆ|Ψ〉| . |f(E)|δE +O(1/S)
|〈Ψ|AHˆ|Ψ〉| . |Tr[ρmA]|δE +O(1/S)
In the main text we wanted to estimate 〈Ψ|AHˆ|Ψ〉 for operators A which obey 〈Ψ|A|Ψ〉 =
O(1/S) on typical states |Ψ〉 with energy width δE at most of order O(TS0). The argument
above shows that for these operators
〈Ψ|AHˆ|Ψ〉 = O(1/S) (C.4)
34We remind that H is not an element of the algebra and that the algebra is closed under commutators with
the Hamiltonian: A ∈ A → [H,A] ∈ A.
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C.1 Details on the change of the energy
We revisit equation (5.24)
δE = |c|2〈Ψ0|V †[H,V ]|Ψ0〉+
[
|c|2〈Ψ0|V †V H|Ψ0〉 − 〈Ψ0|H|Ψ0〉
]
and we want to show that the second term is O(1/S). First we rewrite it as[
|c|2〈Ψ0|V †V H|Ψ0〉 − 〈Ψ0|H|Ψ0〉
]
=
=
[
|c|2〈Ψ0|V †V Hˆ|Ψ0〉 − 〈Ψ0|Hˆ|Ψ0〉
]
− E0
[
|c|2〈Ψ0|V †V |Ψ0〉 − 1
]
The second term is exactly zero by (5.11). The first term can be written as
〈Ψ0|
(
|c|2V †V − 1
)
Hˆ|Ψ0〉 (C.5)
This is of the 〈Ψ|AHˆ|Ψ〉 with A = |c|2V †V −1. The thermal expecation value of A is O(1/S),
hence we find using (C.4) that (C.5) is O(1/S).
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